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IX

Preface to the Second Edition

We began our preface to the first edition with the sentence, ‘‘This book has
had a long gestation period.’’ The gestation of our second edition has been
equally long.

In a sense, more has changed in the last twenty-two years in the theory and
practice of Monte Carlo methods than in the twenty-two years before that.
Tremendous strides have been made in the development of new techniques
and applications. This is of course primarily a testament to the power of the
methods and the breadth of their applicability, but it is also a testament to the
breathtaking evolution of computing power which has made possible much
wider and deeper experimentation and studies. More computing power enables
more challenging applications, which exposes the need for more effective
methods. In particular, the appearance of massively parallel computers – with
as many as 200 000 processors – and for which many Monte Carlo calculations
are well suited, has accelerated the evolution.

We have also seen new fields – such as financial computing – for which
Monte Carlo methods are an essential tool.

As with almost all intellectual efforts, the synergy between widespread
applicability and widespread interest has produced an exponential growth in
new ideas.

It seemed to us that the aims of our previous edition – to give a short
but unified approach to the field, limiting ourselves to applications in the
physical sciences – is needed now as much, or perhaps more than before.
We have corrected, revised, and extended the material in the first edition,
and we have added new material on various quantum MC techniques, on
Brownian motion, Poisson processes, simulated annealing, adaptive MC, and
on quasi-MC.

As always, we have benefited from the collaboration and advice of many
people. Our decades of friendship and research with Geoffrey Chester were
essential and inspirational. We have continued to learn much from David
Ceperley and Kevin Schmidt. In more recent times, MHK has had the
privilege of working with Vasily Bulatov, Jaime Marian and Enrique Martinez,
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X Preface to the Second Edition

and long term interactions with Francesco Pederiva and Randolph Hood.
PAW has enjoyed working with Marvin Bishop, Silvio Vitiello and Todor
Gurov.

New York, July 2008 Malvin H. Kalos
Paula A. Whitlock
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Preface to the First Edition

This book has had a long gestation period. While it simmered on the back
burner, we pursued research in various aspects of Monte Carlo methods and
their application to the simulation of physical systems. Out of this diversity
we believe we see a basic way of looking at the field. It is unfortunate that
some observers and even some specialists of Monte Carlo methods seem to
regard Monte Carlo as a bag of miscellaneous devices. Often it comes across
that way when applied. It is true that like many other technical endeavors,
especially those with as intensely practical an outlook as Monte Carlo methods,
a body of ingenious tricks has arisen, awaiting invocation as needed. But we
believe – and hope that our book is successful in conveying both in a general
and a practical sense – that there are a number of unifying ideas that underlie
the study and use of good Monte Carlo methods.

The first is the importance of random walks – on the one hand as they occur
in natural stochastic systems, and on the other, in their relation to integral and
differential equations.

The other basic theme is that of variance reduction and, above all, of
importance sampling as a technical means of achieving variance reduction.
Importance sampling is the transformation of a basically straight-forward
random sampling method by changing variables or, what amounts to the same
thing, by changing the underlying probability distribution while leaving a
required mean unchanged. It is by no means the only method, nor in particular
cases the best method, for variance reduction. But it offers a coherent point
of view about variance reduction. In important cases it offers the theoretical
possibility of zero variance. The use of approximations to variance minimizing
transformations is a powerful technique for the introduction of a priori
knowledge based on experience or approximate solution of the problem at
hand into a still exact numerical treatment based on Monte Carlo methods.

We believe that these ideas have stood us well in our research in radiation
transport, in statistical physics, and in quantum mechanics and have served
to unify them intellectually. We offer them to our readers in the hope that
our point of view will make the theory and practice of Monte Carlo more
interesting and more effective.
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XII Preface to the First Edition

This book is a distillation of some years of practice and thought about
Monte Carlo methods. As such it has benefited from the ideas and suggestions
of many friends and colleagues, too numerous to list in full. It would be
remiss not to mention some of them, however, starting with Gerald Goertzel,
who first introduced one of us (MHK) to the mixed joys of Monte Carlo
on primitive computers, and to many of the basic ideas expressed in our
book. Others from whom we have learned include particularly Harry Soodak,
Eugene Troubetzkoy, Herbert Steinberg, Loup Verlet, Robert Coveyou, Phillip
Mittleman, Herbert Goldstein, David Ceperley, Kevin Schmidt, and Geoffrey
Chester. Notes of early lectures taken by Jacob Celnik were very helpful.

We gratefully acknowledge the help and encouragement of our many
colleagues and students during the time this book was being written. We
especially thank David Ceperley for giving the original lecture on which Chapter
5 was based. Youqin Zhong and John Halton gave numerous suggestions for
improving earlier versions of the manuscript. We thank them for their efforts
and hope the final book lives up to their expectations.

New York, August 1986 Malvin H. Kalos
Paula A. Whitlock
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1
What is Monte Carlo?

1.1
Introduction

The name Monte Carlo was applied to a class of mathematical methods first used
by scientists working on the development of nuclear weapons in Los Alamos in
the 1940s. The essence of the method is the invention of games of chance whose
behavior and outcome can be used to study some interesting phenomena. While
there is no essential link to computers, the effectiveness of numerical or simulated
gambling as a serious scientific pursuit is enormously enhanced by the availability
of modern digital computers.

It is interesting, and may strike some as remarkable, that carrying out games
of chance or random sampling will produce anything worthwhile. Indeed, some
authors have claimed that Monte Carlo will never be a method of choice for other
than rough estimates of numerical quantities.

Before asserting the contrary, we shall give a few examples of what we mean and
do not mean by Monte Carlo calculations. Consider a circle and its circumscribed
square. The ratio of the area of the circle to the area of the square is π/4. It is
plausible that if points were placed at random in the square, the fraction π/4
would also lie inside the circle. If that is true (and we shall prove later that in a
certain sense it is), then one could measure πl4 by putting a round cake pan with
diameter L inside a square cake pan with side L and collecting rain in both. It is also
possible to program a computer to generate random pairs of Cartesian coordinates
to represent random points in the square and count the fraction that lies in the
circle. This fraction as determined from many experiments should be close to π/4,
and the fraction would be called an estimate for π/4. In 1 000 000 experiments, it is
very likely (95% chance) that the number of points inside the circle would range
between 784 600 and 786 200, yielding estimates of π/4 that are between 0.7846
and 0.7862, compared with the true value of 0.785398.

The example illustrates that random sampling may be used to solve a mathemat-
ical problem, in this case, evaluation of a definite integral,

I =
∫ 1

0

∫ √
1−x2

0
dx dy. (1.1)
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2 1 What is Monte Carlo?

The answers obtained by the above procedure are statistical in nature and subject
to the laws of chance. This aspect of Monte Carlo is a drawback, but not a fatal one,
since one can determine how accurate the answer is, and obtain a more accurate
answer, if needed, by conducting more experiments. Sometimes, in spite of the
random character of the answer, it is the most accurate answer that can be obtained
for a given investment of computer time. The determination of the value of π

can of course be done faster and more accurately by non–Monte Carlo methods.
In many dimensions, however, Monte Carlo methods are often the only effective
means of evaluating integrals.

A second and complementary example of a Monte Carlo calculation is one
that Ulam [1] cited in his autobiography. Suppose one wished to estimate the
chances of winning at solitaire, assuming the deck is perfectly shuffled before
laying out the cards. Once we have chosen a particular strategy for placing one
pile of cards on another, the problem is a straightforward one in elementary
probability theory, but is also a very tedious one. It would not be difficult to
program a computer to randomize lists representing the 52 cards of a deck,
prepare lists representing the different piles, and then simulate the playing of
the game to completion. Observation over many repetitions would lead to a
Monte Carlo estimate of the chance of success. This method would in fact be
the easiest way of making any such estimate. We can regard the computer
gambling as a faithful simulation of the real random process, namely, the card
shuffling.

Nowadays, random numbers are used in many ways associated with computers.
These include, for example, computer games and generation of synthetic data
for testing. These are of course interesting, but not what we consider Monte
Carlos, since they do not produce numerical results. A definition of a Monte
Carlo method would be one that involves deliberate use of random numbers in
a calculation that has the structure of a stochastic process. By stochastic process,
we mean a sequence of states whose evolution is determined by random events.
In a computer, these are generated by a deterministic algorithm that generates a
sequence of pseudorandom numbers, which mimics the properties of truly random
numbers.

A distinction is sometimes made between simulation and Monte Carlo. In
this view, simulation is a rather direct transcription into computing terms of
a natural stochastic process (as in the example of solitaire). Monte Carlo, by
contrast, is the solution by probabilistic methods of nonprobabilistic problems
(as in the example of π). The distinction is somewhat useful, but often im-
possible to maintain. The emission of radiation from atoms and its interaction
with matter is an example of a natural stochastic process, since each event is
to some degree unpredictable (Chapter 6). It lends itself very well to a rather
straightforward stochastic simulation, but the average behavior of such radia-
tions can also be described by mathematical equations whose numerical solution
can be obtained using Monte Carlo methods. Indeed, the same computer code
can be viewed simultaneously as a ‘‘natural simulation’’ or as a solution of the
equations by random sampling. As we shall also see, the latter point of view
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is essential in formulating efficient schemes. The main point we wish to stress
here is that the same techniques directly yield both powerful and expressive
simulation and powerful and efficient numerical methods for a wide class of
problems.

We would like to return to the issue of whether Monte Carlo calculations are
in fact worth carrying out. This can be answered in a very pragmatic way: many
people use them and they have become an accepted part of scientific practice in
many fields. The reasons do not always depend on pure computational economy.
As in our solitaire example, convenience, ease, directness, and expressiveness of
the method are important assets–increasingly so as pure computational power
becomes cheaper. In addition, as asserted in discussing π, Monte Carlo meth-
ods are in fact computationally effective, compared with deterministic methods
when treating many-dimensional problems. That is why partly their use is so
widespread in operations research, in radiation transport (where problems up to
seven dimensions must be dealt with), and especially in statistical physics and
chemistry (where systems of thousands of particles can now be treated quite rou-
tinely). An exciting development in the past few years is the use of Monte Carlo
methods to evaluate path integrals associated with field theories as in quantum
chromodynamics.

1.2
Topics to be Covered

This book focuses on several major areas. The first topic addressed is a review of
some simple probability ideas with emphasis on concepts central to Monte Carlo
theory. For more rigorous information on probability theory, references to standard
texts are given. Further chapters deal with the crucial question of how random
events (or reasonable facsimiles) are programmed on a computer. Techniques
for sampling complicated distributions are necessary for applications and, equally
important, serve as a basis for illustrating the concepts of probability theory that
are used throughout.

Then we consider quadratures in finite-dimensional spaces. Attention is paid
to the important and interesting case of singular integrands, especially those
for which the variance of a straightforward estimate does not exist so that the
usual central limit theorems do not apply. These are cases for which variance
reduction methods have an immediate and direct payoff. Also explored are quasi-
Monte Carlo methods, which use low-discrepancy sequences that uniformly fill the
multidimensional space.

Finally, applications of Monte Carlo methods are discussed. An introduction to
current uses in statistical physics is given. The simulation of a simple example of
radiation transport is developed, and this naturally leads to the solution of integral
equations by Monte Carlo. The ideas are then used as a framework upon which a
relationship between random walks and integral equations could be constructed
and also to introduce the fundamentals of variance reduction for the simulation of
random walks.
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1.3
A Short History of Monte Carlo

Perhaps the earliest documented use of random sampling to find the solution
to an integral is that of Comte de Buffon [2]. In 1777, he described the follow-
ing experiment. A needle of length L is thrown at random onto a horizontal
plane ruled with straight lines a distance d(d > L) apart. What is the proba-
bility, P, that the needle will intersect one of these lines? Comte de Buffon
performed the experiment of throwing the needle many times to determine
P. He also carried out the mathematical analysis of the problem and showed
that

P = 2L

πd
. (1.2)

Some years later, Laplace [3] suggested that this idea could be used to evaluate
π from throws of the needle. This is indeed a Monte Carlo determination of π;
however, as in the first example of this chapter, the rate of convergence is slow.
It is very much in the spirit of inverting a probabilistic result to get a stochastic
computation. We would call it an analog computation nowadays [4].

Lord Kelvin [5] appears to have used random sampling to aid in evaluating
some time integrals of the kinetic energy that appear in the kinetic theory of
gases. His random sampling consisted of drawing numbered pieces of paper
from a bowl. He worried about the bias introduced by insufficient mixing of
the papers and by static electricity. Gossett (as ‘‘Student’’ [6]) used similar ran-
dom sampling to assist in his discovery of the distribution of the correlation
coefficient.

Many advances were being made in probability theory and the theory of random
walks that would be used in the foundations of Monte Carlo theory. For example,
Courant et al. [7] showed the equivalence of the behavior of certain random walks to
solutions of certain partial differential equations. In the 1930s, Enrico Fermi made
some numerical experiments that would now be called Monte Carlo calculations.1)

In studying the behavior of the newly discovered neutron, he carried out sampling
experiments about how a neutral particle might be expected to interact with
condensed matter. These led to substantial physical insight and to the analytical
theory of neutron diffusion and transport.

During the Second World War, the bringing together of such people as von
Neumann, Fermi, Ulam, and Metropolis and the beginnings of modern digital
computers gave a strong impetus to the advancement of Monte Carlo. In the
late 1940s and early 1950s, there was a surge of interest. Papers appeared that
described the new method and how it could be used to solve problems in statistical
mechanics, radiation transport, economic modeling, and other fields [8–10].
Unfortunately, the computers of that time were not really adequate to carry out
more than pilot studies in many areas. The later growth of computer power made

1) This information was communicated privately to MHK by Segre and Anderson.
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it possible to carry through more and more ambitious calculations and to learn
from failures.

At the same time, theoretical advances and putting into practice powerful error-
reduction methods meant that applications advanced far faster than implied by
sheer computing speed and memory size. The two most influential developments of
that kind were the improvements in methods for the transport equation, especially
reliable methods of ‘‘importance sampling’’ [11] and the invention of the algorithm
of Metropolis et al. [12]. The resulting successes have borne out the optimistic
expectations of the pioneers of the 1940s.
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2
A Bit of Probability

2.1
Random Events

As explained in Chapter 1, a Monte Carlo calculation is a numerical stochastic
process, that is, a sequence of random events. While we shall not discuss the
philosophical question of what random events are [1, 2], we shall assume that they
do exist and that it is possible and useful to develop a computer program to produce
effective equivalents of natural random events.

We must distinguish between elementary and composite events. Elementary
events are those that we cannot (or do not choose to) analyze into still simpler
events. Normally the result (head or tail) of flipping a coin or the result (1–6) of
rolling a die are thought of as elementary events. In the case of a die, however, we
might interest ourselves only in whether the number was even or odd, in which
case there are two outcomes. Composite events are those defined from a number
of elementary events. Examples include flipping a coin twice (with four outcomes,
head–head, head–tail, tail–head, tail–tail). It is sometimes useful to talk of this
pair as a single ‘‘event’’.

As far as one knows, random events occur in nature [3]; for example, the physical
outcome of the scattering of an electron by an atom cannot be predicted with
certainty. It is difficult to be sure which natural random events are ‘‘elementary,’’
although we will simplify models of physical processes by treating some events as
elementary, and on that basis build up composite events. The distinction between
an elementary random event and others depends on one’s state of knowledge
and the depth of the analysis given to the problem. Thus, one important kind of
event, ‘‘compound elastic scattering’’ of neutrons by nuclei, is usefully analyzed for
theoretical purposes into a sequence of three elementary random events. A Monte
Carlo calculation might or might not make that distinction, depending on its intent.
On the other hand, ‘‘simple elastic scattering’’ is most likely an elementary event;
that is, it is not possible to distinguish more basic stages.

Given an elementary event with a countable set of discrete random outcomes,
E1, E2, . . . , En, . . . , there is associated with each possible outcome Ek a number
called a probability, pk, which can lie between 0 and 1,

0 ≤ pk ≤ 1.
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8 2 A Bit of Probability

If the kth outcome never occurs, pk = 0; if it is sure to occur, pk = 1. Conversely, if
pk = 0, we say that the event almost surely does not occur; and if pk = 1, the event
almost surely occurs. Another notation for the probability of event Ek is

P{Ek} = pk.

The following are some simple properties of the probability of events:

1. P{Ei and/or Ej} ≤ pi + pj.

2. Ei and Ej are said to be mutually exclusive events if and only if the occurrence
of Ei implies that Ej does not occur, Ei ⇒ Ej (not Ej), and vice versa. If Ei

and Ej are mutually exclusive,

P{Ei and Ej} = 0,

P{Ei or Ej} = pi + pj.

3. A whole class of events can be mutually exclusive for all i and j. When the
class is exhaustive, that is, all possible events have been enumerated,

P {some Ei} =
∑

i

pi = 1.

In the following, we consider a compound experiment consisting of just two
elementary events. For clarity, we imagine the first to have outcomes {Ei}
with probability p1i and the second to have outcomes {Fj} and probabilities
p2j, respectively. Each of p1j and p2j obeys statements 1, 2, and 3 above. An
outcome of such a composite event is a pair (Ei, Fj).

4. The probability of the specific outcome (Ei, Fj) is pij, called the joint probability
for Ei and Fj.

5. pij = p1i · p2j, if and only if events Ei and Fj are independent.

6. Suppose Ei and Fj are not independent; then the joint probability can be
written as

pij =
(∑

k

pik

)
 pij∑

k
pik




= p(i)


 pij∑

k
pik


 . (2.1)

p(i) defines a new number called the marginal probability for event Ei, that
is, the probability that Ei does, in fact, occur, whatever the second event
may be. Therefore,

∑
i

p(i) =
∑

i

∑
k

pik = 1 and p(i) = p1i.
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The marginal distribution for the second event, Fj, can be similarly be
written as

∑
i pij.

7. The second factor of Equation 2.1 is the conditional probability

p(j|i) ≡ pij∑
k

pik
(2.2)

and is the probability for event Fj occurring, given that event Ei has occurred.
The probability for some Fj should be 1, and indeed

∑
j

p(j|i) =
∑

j

pij∑
k

pik
=

∑
j

pij

∑
k

pik
= 1 for every i.

All joint probabilities can be factored into a marginal distribution and a conditional
probability. This scheme can be generalized to treat the joint occurrence of three
or more elementary events.

2.2
Random Variables

In many cases, the outcome of a random event can be mapped into a numerical
value, but in some circumstances this is not possible (the probability of an event is
always defined, but the assigning of a number to each outcome of a class of random
events may not be useful). For example, when a photon interacts with an atom, the
photon may be scattered or it may cause other changes to happen within the atom.
There is no useful way to assign a numerical value to correspond to the alternative
changes. In simulating a queue, an empty queue could be equated with length 0, but
the meaning of the empty queue is really logical, not numerical. It implies that some
other course of action must be taken. In general, with simulations on the computer,
the outcome of a random choice is often a logical event; it may imply that a different
branch of the program is to be pursued. In the following discussion, however, we
shall assume that for every elementary outcome Ei, there is an associated real num-
ber xi. A random selection, X , of one of the possible values x1, x2, . . . is called a ran-
dom variable. The probability that the value xi is chosen is given by pi = P{X = xi}.

The expectation of this random variable X , that is, the stochastic mean value, is
defined as

E(X ) ≡
∑

i

P{X = xi}xi =
∑

i

pixi = µ. (2.3)

µ is called the expected or mean value. It is common in physics to write this as 〈X〉,
and we shall often use that notation.

Consider some real-valued function

g(xi) = gi,
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where the xi correspond to a countable set of elementary events with probabilities
pi. If X is a random variable, then g(X ) is also a random variable. The expectation
of g(X ) is defined as

E(g(X )) = 〈g(X )〉 =
∑

i

pig(xi). (2.4)

This may be illustrated by analyzing the flipping of a coin, assigning 1 to heads, 0
to tails and using two different functions g1(X ) and g2(X ).

From the definition of the expected value of a function, we have the property that

〈constant〉 = constant

and that for any constants λ1, λ2 and two functions g1, g2,

〈λ1g1(X ) + λ2g2(X )〉 = λ1〈g1(X )〉 + λ2〈g2(X )〉. (2.5)

In Table 2.1, g1 is a linear function of X , so that

〈g1(X )〉 = g1(〈X〉).
This is not true for the nonlinear function g2(X ).

An important application of expected values is to the powers of X . The nth
moment of X is defined as the expectation of the nth power of X ,

〈Xn〉 ≡
∑

i

pix
n
i ; (2.6)

for example,

〈X2〉 =
∑

i

pix
2
i .

The central moments of X are given by

〈gn〈X )〉 ≡ 〈(X − µ)n〉 =
∑

i

pi(xi − 〈X〉)n. (2.7)

The second central moment has particular significance,

〈(X − µ〉2〉 = 〈(X − 〈X〉)2〉 =
∑

i

pi(xi − µ)2

=
∑

i

pix
2
i − 〈X〉2 = 〈X2〉 − 〈X〉2, (2.8)

Table 2.1 Expected values of two functions, g1(X) and g2(X), where X can be either 0 or 1.

Event pi xi g1(xi) = 1 + 3xi g2(xi) = 1 + 3xi
1 + xi

E1 Heads 1
2 1 4 2

E2 Tails 1
2 0 1 1

Expected values 〈X〉 = 1
2 〈g1(X)〉 = 5

2 〈g2(X)〉 = 3
2
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and is called the variance of X or var{x}. The square root of the variance is a measure
of the dispersion of the random variable. It is referred to as the standard deviation
and sometimes the standard error. The variance of a function of the random
variable, g(X ), can be determined as

var{g(X )} = 〈(g(X ) − 〈g(X )〉)2〉

=
∑

i

pig
2(xi) −

(∑
i

pig(xi)

)2

(2.9)

= 〈g(X )2〉 − 〈g(X )〉2.

Consider two real-valued functions, g1(X ) and g2(X ). They are both random
variables, but they are not in general independent. Two random variables are said
to be independent if they derive from independent events. As we have seen in
Equation 2.5, the expectation of a linear combination is the linear combination of the
expectations. This result does not require that g1(x) and g2(x) be independent. The
effect of statistical dependence will be seen in the variance of a linear combination
of the two functions,

var{λ1g1(X ) + λ2g2(X )} = λ2
1var{g1(X )} + λ2

2var{g2(X )} (2.10)

+2[λ1λ2〈g1(X )g2(X )〉 − λ1λ2〈g1(X )〉〈g2(X )〉].

Let X and Y be random variables; the expectation of the product is

〈XY〉 =
∑

i,j

pijxiyj. (2.11)

If X and Y are independent, pij = p1i.p2j and

〈XY〉 =
∑

i

p1ixi

∑
j

p2jyj = 〈X〉〈Y〉.

The expectation of the product is now the product of the expectations. Let g1(X ) = X
and g2(Y) = Y in Equation 2.11 then the bracketed quantity would vanish and

var{λ1X + λ2Y} = λ2
1var{X} + λ2

2var{Y}. (2.12)

When X and Y are not necessarily independent, we introduce a new quantity, the
covariance, which is a measure of the degree of independence of the two random
variables X and Y :

cov{X , Y} = 〈XY〉 − 〈X〉〈Y〉. (2.13)

The covariance equals 0 when X and Y are independent and

cov{X , X} = var{X}.
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Note that zero covariance does not by itself imply independence of the random
variables. The following simple example illustrates that even functional dependence
can still yield a zero covariance. Let X be a random variable that may be −1, 0, or 1
with equal probabilities, and define Y = X2. Obviously,

〈X〉 = 0,

〈XY〉 = 〈X3〉 = 0,

so cov{XY} = 〈XY〉 − 〈X〉〈Y〉 = 0.
The covariance can have either a positive or negative value. Another quantity

derived from the covariance is the correlation coefficient,

ρ(X , Y) = cov{X , Y}
[var{X}var{Y}]1/2

, (2.14)

so that

−1 ≤ ρ(X , Y) ≤ 1.

Since the covariance can be positive or negative, the variance of a linear combination
of two dependent random variables can be greater or less than the variance if the
variables were independent (cf. Equation 2.11). A Monte Carlo calculation can try
to take advantage of negative correlation as a means of reducing the variance, as
will be discussed in Chapter 4.

2.2.1
The Binomial Distribution

Consider two events E0 and E1 that are mutually exclusive and exhaustive:

P{E1} = p, x1 = 1,

P{E0} = 1 − p, x0 = 0. (2.15)

Let Xi be the random variable that is the ith outcome of a series of N such events.
The expectations of Xi and its square become

E(Xi) = p × 1 + (1 − p) × 0 = p,

E(X2
i ) = p,

and the variance is then

var{Xi} = p − p2 = p(1 − p).

Each outcome is either 0 or 1, and we set X to be the sum of the N outcomes {Xi},

X =
N∑

i=1

Xi.
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The probability that X = n is the probability that n of the Xi were 1 and N − n
were 0. That is,

P{X = n} =
(

N
n

)
pn(1 − p)N−n n = 0, 1, . . . , N. (2.16)

This is the binomial distribution.
(

N
n

)
= N!

(N − n)!n!
is the binomial coefficient,

which counts the number of different ways in which the n E1’s and the (N − n) E0’s
may occur. The expected value of X is

〈X〉 =
N∑

n=0

n

(
N
n

)
pn(1 − p)N−n = Np. (2.17)

This may be verified by direct computation of the sum or by noting that the
expected value of X is the sum of the expected value of all the Xi. The variance of X
is easily determined; since the Xi are independent, the result in Equation 2.12 may
be employed and

〈(X − Np)2〉 =
N∑

i=1

var{Xi} =
N∑

i=1

p(1 − p) = Np(1 − p). (2.18)

2.2.2
The Geometric Distribution

Suppose we carry out a certain experiment repeatedly and Independently, where
there are only two outcomes: failure or success. If the outcome is a failure, the
experiment will be repeated; otherwise, we stop the procedure. Let the random
variable X of interest be the number of times we repeat the experiment until the
first success. Let q be the probability of failure in one experiment and p = 1 − q be
the probability of success.

Then

P{X = n} = qn−1p, n = 1, 2, . . . .

The average number of experiments that will be carried out is

〈X〉 =
∞∑

n=1

nqn−1p = p

(1 − q)2
= 1

p
.

This is obtained from the identity

∞∑
n=1

nxn−1 = d

dx

( ∞∑
n=0

xn

)
= d

dx

(
1

1 − x

)
= 1

(1 − x)2
.

The above identity can also be used to prove Equation 2.17 by taking the Nth
derivative of the sum.
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The variance of X can be calculated as

var{X} = 〈X2〉 − 〈X〉2

=
(

2

p2
− 1

p

)
− 1

p2

= 1
p2

− 1
p
.

As an example, in particle transport problems, the number of collisions one particle
makes follows this distribution if the medium is infinite, homogeneous, and if the
relative probability of different outcomes is constant.

2.2.3
The Poisson Distribution

A random variable X is said to follow a Poisson distribution when

P{X = n} = λn

n!
e−λ, n = 0, 1, . . . ,

where λ is a parameter of the distribution. It is easy to show that

〈X〉 = λ,

var{X} = λ.

This distribution is fundamental in the theory of probability and stochastic pro-
cesses. It is of great use in applications such as research into queuing service
systems and similar discrete event problems.

2.3
Continuous Random Variables

In the previous sections, we have assumed that the random events belonged to a
discrete, countable set. Probabilities can be associated with continuous variables as
well, giving rise to distribution functions. Such distributions are present both in
nature and in artificial stochastic processes. As an example, consider the scattering
of a photon by an atom. The angle at which the photon is scattered has values that
are continuous between 0◦ and 180◦ with some angular intervals occurring more
often than others.

Given that x is a real number,

−∞ < x < ∞,

a distribution function (or cumulative distribution function) may be defined as

F(x) ≡ P{a random selection of X gives a value less than x} = P{X ≤ x}. (2.19)
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Suppose x1 < x2. Then x1 < X ≤ x2, and X ≤ x1 are mutually exclusive and
exhaustive for events in which X ≤ x2. Thus

P{x1 < X ≤ x2} + P{X ≤ x1} = P{X ≤ x2} (2.20)

and

1 ≥ P{x1 < X ≤ x2} = P{X ≤ x2} − P{X ≤ x1} ≥ 0. (2.21)

Therefore, F(x) is a nondecreasing function of its argument. We conclude that
F(−∞) = 0 and F(∞) = 1. Furthermore, the difference P{X ≤ x2} − P{X ≤ x1}
may be written as F(x2) − F(x1).

The distribution function may have intervals on which it is differentiable; in
these intervals, the probability distribution function (pdf) may be defined as

f (x) ≡ dF(x)

dx
≥ 0. (2.22)

If F(x) is not continuous, discrete values of the distribution function are singled
out at the discontinuities. For example, imagine that F(x) is piecewise constant
everywhere except at a countable number of places (Figure 2.1); the distribution
now describes a discrete set of random variables. Formally, we may use the Dirac
delta function to write

f (x) =
∑

i

δ(x − xi) × pi, (2.23)

where pi is the jump of the distribution function at xi. This emphasizes the fact
that f (x) need not be bounded.

Consider the distribution function shown in Figure 2.2. F(x) = 0 for all x ≤ 0,
so no X will be chosen there and the pdf = 0. In region II, 0 < x < 1 and F(x) = x;
the probability of selecting an X in the interval 0 ≤ x1 < X ≤ x2 ≤ 1 is x2 − x1

(see Equation 2.21). In this range, the pdf = 1, so that selecting a particular X is as
likely as any other on (0, 1). For x > 1, F(x) = 1, and the probability of choosing an
X in this region is 0.

Figure 2.1 A piecewise-constant function.
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Figure 2.2 A discontinuous distribution function.

A slightly different example is the discontinuous distribution function in which
F(x) has a step discontinuity from 0 to 1

2 at x = 0 shown in Figure 2.3. No
matter how small an interval is chosen containing x = 0, the probability of
choosing an X in this interval is greater than or equal to 1

2 , so there is a finite
probability, 1

2 , for finding X exactly 0. For any other value of x, the pdf is
continuous. We have a combination of a discrete and a continuous pdf. Such
combinations occur in nature, for example, when an atom can undergo a radiative
transition to either a continuum or a discrete level. The light spectrum, which
may be considered as a pdf, will be a mixture of a continuous and a discrete
part.

Figure 2.3 Discontinuous distribution function with a step discontinuity.

2.4
Expectations of Continuous Random Variables

Let f (x) be the pdf of a continuous random variable x. It has the normalization
property
∫ ∞

−∞
f (x) dx = F(∞) = 1.
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The mean value of x is defined as

E(X ) ≡
∫ ∞

−∞
x dF(x)

=
∫ ∞

−∞
xf (x) dx, (2.24)

The expected value of any function of the random variable is defined1) as

E(g(X )) ≡
∫ ∞

−∞
g(x)f (x) dx,

and, in particular,

E(X2) =
∫ ∞

−∞
x2f (x) dx. (2.25)

From Equations 2.24 and 2.25, the variance of X may be defined as in the discrete
case

var{X} = E((X − E(X ))2) = E(X2) − [E(X )]2 = 〈X2〉 − 〈X〉2. (2.26)

The variance of a function of X becomes

var{g(X )} = E(g2(X )) − [E(g(X ))]2. (2.27)

The variance has the following properties:

1. For a random variable C, which is constant (i.e. the random variable equals
C with probability 1),

var{C} = 0.

2. For a constant C and random variable X ,

var{CX} = C2var{X}.

3. For independent random variables X and Y ,

var{X + Y} = var{X} + var{Y}.

In Table 2.2, F(x), f (x) = F′(x), the mean and variance are given for a few repre-
sentative and interesting distributions. In particular, the mean value of a random
variable drawn from a normal distribution centered around µ is µ. This result is
easily proved by considering the following integral:

1) Since g(X) is a random variable, it has its own pdf; we will show below how to compute it.
Given this distribution, the expectation of g(X) could be alternatively defined in the same way as
in Equation 2.24. It can be proved that both the definitions will be the same [4].
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1

σ
√

2π

∫ ∞

−∞
(x − µ) exp

[
− (x − µ)2

2σ2

]
dx,

which equals 0 since the integrand changes sign on reflection of x about µ. The
integral may be rewritten as

1

σ
√

2π

∫ ∞

−∞
x exp

[
− (x − µ)2

2σ2

]
dx = µ

1

σ
√

2π

∫ ∞

−∞
exp

[
− (x − µ)2

2σ2

]
dx.

The integral on the right-hand side is just the integral of the pdf and it equals 1.
The mean value of X is seen to be µ. The variance is σ2.

A less well-behaved example is provided by the Cauchy or Lorentz function. The
mean value of a random variable sampled from a Cauchy distribution is

1

π

∫ ∞

−∞

ax

a2 + x2
dx.

To evaluate this improper integral using elementary calculus, the infinite endpoints
of integration are replaced by finite quantities b and b′, and the behavior of the
integrand as b and b′ approach infinity is considered. The integrand clearly diverges
unless b = b′, and then the mean value is 0. This suggests that the mean value
of a series of random variables may be undefined unless the variables are chosen
in some special way. The variance of a random variable sampled from a Cauchy
distribution is infinity since the integral

〈X2〉 = 1

π

∫ ∞

−∞

ax2

a2 + x2
dx

diverges no matter how it is evaluated. In spite of the infinite variance, the Cauchy
distribution can be sampled and used as needed.

Note that for each distribution there is a length scale, called variously a, λ−1, or
σ. As the scale becomes small, the normalization of the pdf grows large, inversely
as the length scale, so as to ensure

∫
f (x) dx = 1. For those distributions with a

standard deviation σ, the width is proportional to σ. In the Cauchy distribution, a
is a measure of the width.

2.5
Bivariate Continuous Random Distributions

A joint probability may be defined for continuous distributions,

F(x, y) ≡ P{X ≤ x, Y ≤ y}; (2.28)

F(x, y) is termed a bivariate distribution function. The associated bivariate probability
distribution function is

f (x, y) ≡ ∂2F(x, y)

∂x∂y
(2.29)

and the expected value of any function of random variables X , Y is
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E(g(X , Y)) = 〈g(X , Y)〉 =
∫ ∞

−∞

∫ ∞

−∞
f (x, y)g(x, y) dx dy. (2.30)

The covariance and correlation coefficient, cov{X , Y} and ρ(X , Y) for continuous
random variables are defined as in the discrete case, replacing sums by integrals.

If X and Y are correlated, it is useful to write the joint pdf as

f (x, y) = f (x, y)∫∞
−∞ f (x, y) dy

∫ ∞

−∞
f (x, y) dy. (2.31)

We have

P{X ≤ x} =
∫ x

−∞

∫ ∞

−∞
f (t, y) dy dt =

∫ x

−∞
m(t) dt,

where

m(x) ≡
∫ ∞

−∞
f (x, y) dy, (2.32)

is called the marginal probability distribution function for x. The first factor in
Equation 2.31 is the conditional probability; that is, given an X , a Y may be chosen
from

f (y|x) = f (x, y)∫∞
−∞ f (x, y) dy

= f (x, y)

m(x)
. (2.33)

That is, when the marginal and conditional functions can be determined, sampling
a bivariate distribution requires simply sampling two univariate distributions.

The relationship in Equation 2.31 is easily generalized to handle more than
two correlated random variables, and sampling the multivariate distribution will
then involve sampling the sequence of univariate distributions so defined. What
happens to the marginal pdf and the conditional probability when X and Y are
independent (i.e. f (x, y) = f1(x)f2(y)) is left for the reader.

The expectation of the conditional probability, called the conditional expectation
of Y , for fixed X is

E(Y|X ) ≡
∫ ∞

−∞
y f (y|x) dy =

∫∞
−∞ y f (x, y) dy∫∞
−∞ f (x, y) dy

=
∫∞
−∞ y f (x, y) dy

m(x)
.

The conditional expectation E(Y|X ) is a function of the random variable X and is
itself a random variable. The expectation of E(Y|X ) is

E(E(Y|X )) =
∫ ∞

−∞
E(Y|X ) m(x) dx.

Upon substituting in the definition for E(Y|X )

E(E(Y|X )) =
∫ ∞

−∞

∫ ∞

−∞
yf (x, y) dy dx

= E(Y).
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A more general result for a function g(X ,Y) is

E(E(g(X , Y)|X )) = E(g(X , Y)).

This result is very useful in the discussion of the ‘‘method of expected values’’
discussed in Section 4.2.

2.6
Sums of Random Variables: Monte Carlo Quadrature

Suppose that the random variables X1, X2, . . . , Xi, . . . are all drawn at random, but
not necessarily independently, from the probability distribution function f (x). Let
gi be a (possibly) different function of Xi and λi a real number. Define the function
G by

G ≡
N∑

i=1

λigi(Xi), (2.34)

The expected value of G is

E(G) = 〈G〉 = E

(
N∑

i=1

λigi(Xi)

)

=
N∑

i=1

λi〈gi(X )〉, (2.35)

since the expectation is a linear operation. If all the Xi are independent, then the
variance of G,

var{G} = 〈G2〉 − 〈G〉2,

becomes

var{G} =
N∑

i=1

λ2
i var{gi(X )}. (2.36)

Let λi = 1
N and all the gi(x) be identical and equal to g(x); then the expected value

of G becomes

E(G) = E

(
1

N

N∑
i=1

g(Xi)

)

= 1

N

N∑
i=1

〈g(X )〉 = 〈g(X )〉. (2.37)

The function G, which is the arithmetic average of the g(x), has the same mean
as g(x). G is said to be an estimator of 〈g(X )〉. More generally an expression
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G is an estimator of a quantity, such as
∫

g(x)f (x) dx), if its mean 〈G〉 is a
useful approximation of that quantity. Here, ‘‘useful’’ is intended to cover a
broad range of meanings, and is best understood in the context of specific
computations. We will discuss this more fully below in connection with some
applications.

The variance of G in Equation 2.36 becomes

var{G} = var

{
1

N

N∑
i=1

g(Xi)

}
=
∑ 1

N2
var{g(X )}

= 1

N
var{g(X )}. (2.38)

That is, as N, the number of samples of X , increases, the variance of the mean
value of G decreases as 1

N . This result leads to the central idea of Monte Carlo
evaluation of integrals; that is, an integral may be estimated by a sum

〈g(X )〉 =
∫ ∞

−∞
g(x)f (x) dx = E

(
1

N

N∑
i=1

g(Xi)

)
. (2.39)

To use the relation given in Equation 2.39, select a series of random variables, Xi,
from f (x); evaluate g(x) for each Xi. The arithmetic mean of all the values of g(Xi)
is an estimate of the integral, and the variance of this estimate decreases as the
number of terms increases.

2.7
Distribution of the Mean of a Random Variable: A Fundamental Theorem

In the discussion that follows on estimating integrals, it is assumed that the
variance of the random variable always exists. If the variance does not ex-
ist, the mean value will converge, although more slowly. Alternatively, it will
usually be possible to recast the sampling so that the variance does exist. A
general method for doing this, along with several examples, will be given in
Chapter 3.

The most general result of the kind we need is the ‘‘law of large numbers’’ of
probability theory. Suppose the random variables X1, X2, . . . , XN are independent
and all drawn from the same distribution. These are called independent, identically
distributed (or i.i.d.) random variables. Then the expectation of each X is µ. As
N → ∞, the average value of the {Xi},

XN = 1

N

N∑
i=1

Xi,

converges to µ almost surely:

P{ lim
N→∞

XN = µ} = 1.
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There are stronger or weaker statements that can be made, but we shall not pursue
them [5].

The implication of the law of large numbers is that the mean of N sampled
random variables converges (in probability) to its expected value. To estimate the
speed of convergence, we need stronger assumptions. The most important way of
strengthening the hypothesis is to assume that the variance exists, which we do in
the following.

Assume that an estimator G, its mean 〈G〉, and variance var{G} all exist. Then
the Chebychev inequality is

P

{
|G − 〈G〉| ≥

[
var{G}

δ

] 1
2
}

≤ δ, (2.40)

where δ is any positive number. This inequality could be called the first fundamental
theorem of Monte Carlo for it gives an estimation of the chances of generating a
large deviation in a Monte Carlo calculation. For definiteness, let δ = 1

100 . Then the
inequality becomes

P{(G − 〈G〉)2 ≥ 100 var{G}} ≤ 1

100

or, using Equation 2.38 when var{G} = ( 1
N

)
var{g},

P

{
(G − 〈G〉)2 ≥ 100

N
var{g}

}
≤ 1

100
.

Since by making N big enough, the variance of G becomes as small as one likes,
the probability of getting a large deviation relative to δ between the estimate of the
integral and the actual value becomes very small. For large sample size (large N),
the range of values of G that will be observed with some fixed probability will be
contained in a region of decreasing size near 〈g〉. This is the heart of the Monte
Carlo method for evaluating integrals.

A much stronger statement than the Chebychev inequality about the range of
values of G that can be observed is given by the central limit theorem of probability.
For any fixed value of N, there is a pdf that describes the values of G that occur in
the course of a Monte Carlo calculation.2) As N → ∞, however, the central limit
theorem shows that there is a specific limit distribution for the observed values of
G, namely, the normal distribution (see Section 2.4). Set

GN = 1
N

N∑
i=1

g(Xi)

and

tN = (GN − 〈g(X )〉)/[var{GN}] 1
2

=
√

N(GN − 〈g(X )〉)
[var{g(X )}] 1

2

;

2) For fixed N, if G was calculated M times, each time with a different sequence of i.i.d. random
variables, the set {Gj}, j = 1, . . . , M has a specific distribution function.
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then

lim
N→∞

P{a < tN < b} =
∫ b

a

exp[−t2/2] dt√
2π

. (2.41)

Let σ2 = var{g}. Equation 2.41 can be rewritten so as to specify a probability
distribution function for values of GN :

f (GN ) = 1√
2π(σ2/N)

exp
[

N(GN − 〈g〉)2
2σ2

]
.

As N → ∞, the observed GN turns up in ever narrower intervals near 〈g〉 and
one can predict the probability of deviations measured in units of σ. That is, the
observed GN is within one standard error (i.e. σ/

√
N) of 〈g〉 68.3% of the time,

within two standard errors of 〈g〉 95.4% of the time, and within three standard
errors 99.7% of the time.

The central limit theorem is very powerful in that it gives a specific distribution
for the values of GN , but it applies only asymptotically. How large N must be
before the central limit theorem applies depends on the problem. If for a particular
problem the third central moment µ3 (Equation 2.7) of g exists, then the central
limit theorem will be substantially satisfied when

|µ3| << σ3
√

N.

Then confidence limits derived from the normal distribution can be applied to the
results of a Monte Carlo calculation.

It is possible to calculate confidence limits exactly for the average of N variables
drawn from certain distributions, such as the exponential distribution, exp(−x), 0 ≤
x < ∞. For this distribution, σ = 1;µ3 = 2. Table 2.3 gives the chance that the
mean x of N random variables drawn from this distribution differs from µ by σ

or 2σ on either side. Since the exponential distribution is skewed – there are no
negative values of x – there are more large values of the average than predicted
from the normal distribution. The last column shows that the total probability for
deviations more than two standard deviations, large and small, converges quickly to

Table 2.3 Confidence limits for the exponential distribution as N increases.

N
√

N x < µ − 2σ x < µ − σ x > µ + σ x > µ + 2σ |x − µ| > 2σ

5 2.24 0.00022 0.1468 0.1525 0.04098 0.04120
10 3.16 0.00463 0.1534 0.1554 0.03685 0.04148
20 4.47 0.00977 0.1563 0.1569 0.03335 0.04312
50 7.07 0.01466 0.1578 0.1579 0.02981 0.04447

100 10 0.01711 0.1582 0.1583 0.02786 0.04497
200 14.14 0.01881 0.1584 0.1585 0.02643 0.04524
500 22.36 0.02028 0.1586 0.1586 0.02511 0.04539

Normal 0.02275 0.1587 0.1587 0.02275 0.04550



2.8 Distribution of Sums of Independent Random Variables 25

that given by the normal distribution. Whether this distinction matters will depend
upon the application.

Without the central limit theorem, there is in general only the much weaker
upper bound of the Chebychev inequality to suggest how much the observed GN

deviates from the actual mean. Of course, in specific cases, studies can be made
of the distribution of the estimator. Much Monte Carlo is done assuming that the
theorem has been satisfied no matter what the sample size; reported errors must
be considered optimistic in such cases.

When the variance is infinite, it is sometimes possible to find a limit distribution
for G that will lead to a central limit theorem for that particular problem. The
limit distribution will in general not be normal. The Cauchy distribution yields an
elementary example, as will be seen later.

The variance used in the discussion given above may itself be estimated using
independent values of g(xn) in the following way:

〈
1

N

N∑
i=1

g2(Xi) −
[

1

N

N∑
i=1

g(Xi)

]2〉

= 〈g2〉 − 1

N2

〈
N∑

i=1

g(Xi)2 +
N∑

i,i�=j

N∑
j=1

g(Xi)g(Xj)

〉
. (2.42)

Using the independence of g(Xi) and g(Xj) in evaluating 〈g(Xi)g(Xj)〉, we find the
right-hand side equal to
(

1 − 1

N

)
〈g2〉 − N(N − 1)

N2
〈g〉2 = N − 1

N
var{g}.

Thus an estimator for σ2 is

σ2 ≈ N

N − 1




1

N

N∑
i=1

g2(Xi) −
(

1

N

N∑
i=1

g(Xi)

)2

 . (2.43)

An estimator of the variance of the estimated mean is given by

var{GN} ≈ 1

N − 1




1

N

N∑
i=1

g2(Xi) −
(

1

N

N∑
i=1

g(Xi)

)2

 . (2.44)

2.8
Distribution of Sums of Independent Random Variables

Let X be chosen from f1(x) and Y independently chosen from f2(y). If the sum
Z = X + Y is formed, what is the probability distribution function for Z? The
distribution function is defined as

F3(z) = P{Z ≤ z} = P{X + Y ≤ z}.
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Figure 2.4 The sum of two random variables.

Since X and Y are independent, their joint probability distribution function is

f (x, y) = f1(x) f2(y).

The variables x and y can be considered to form a point in the xy plane (Figure 2.4).
What fraction of the time does the point (x, y) lie below the line X + Y = Z? The
(cumulative) distribution function is

F3(z) =
∫

x+y≤z

∫
f1(x) f2(y) dx dy

=
∫ ∞

−∞

∫ z−x

−∞
f2(y) f1(x) dy dx.

The cumulative distribution function of y is

F2(y) =
∫ y

−∞
f2(u) du,

so

F3(z) =
∫ ∞

−∞
F2(z − x) f1(x) dx. (2.45)

Differentiating with respect to z, one obtains for the pdf of z

f3(z) =
∫ ∞

−∞
f2(z − x) f1(x) dx.

This is a convolution and Fourier transforms can be used to evaluate it. Let

c1(t) =
∫ ∞

−∞
eixtf1(x) dx

= E(eiXt). (2.46)
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In probability theory, c1(t) is labeled the characteristic function of X . The charac-
teristic function of the sum (X + Y) is

c3(t) = E(exp[i(X + Y)t])

=
∫ ∞

−∞

∫ ∞

−∞
exp[i(x + y)t] f1(x) f2(y) dx dy

= c1(t)c2(t), (2.47)

or the characteristic function of a sum is the product of the characteristic functions
of the terms of the sum.3) Clearly, induction gives the same result for a sum of n
variables. The characteristic function may be inverted (by a Fourier transform) to
give the pdf to which it corresponds. If n identical functions constitute the sum,
this result can be used to prove the central limit theorem.

When F(x) is the normal distribution (Table 2.2), φ(x|0, 1), the characteristic
function is exp[−t2/2]. If a normal distribution is sampled n times, the sum is
also distributed normally. The characteristic function is then [c(t)]n = exp[−nt2/2],
which when inverted gives the normal distribution φ(x|0, n1/2). A similar conclusion
follows for the Cauchy distribution; the characteristic function is exp[−|t|], and
after n samples, the characteristic function of the sum is [c(t)]n = exp[−n|t|]. The
distribution of the sum of n Cauchy variables has a Cauchy distribution and
the ‘‘width’’ of this Cauchy distribution increases as n. As a final example, consider
the exponential distribution λ exp[−λt]; its characteristic function is

c(t) = 1

1 − it
λ

.

Therefore, a sum of exponential random variables will not be distributed exponen-
tially.

Note that the width of the distribution of the sum of n random variables increases
with n. This is not contradictory with the earlier result on the mean of n random
variables. It is not difficult to show – we shall prove it later – that if the characteristic
distribution for x is c(t), then the characteristic function x/n is c(t/n). From this it
follows that, if n variables are drawn from the normal distribution φ(x|0, 1), then
the mean has characteristic function exp[−(n/2)(t/n)2] = exp[−t2/2n]. This may
be inverted to give the distribution function φ(x|0, n− 1

2 ) for the mean. The latter
shrinks with n as predicted by the central limit theorem. Indeed, we see that here
the limiting behavior holds exactly for any n.

In the same way, the characteristic function for the mean of n Cauchy variables
is exp[−n|t|/n] = exp[−|t|]. Thus the distribution of the mean is the same as for
a single variable. Again the limit distribution for the mean is exact for any n, but
now the distribution does not change its width. This does not, of course, satisfy
the central limit theorem because the Cauchy distribution does not satisfy the
requirement of a finite variance.

3) Note that if the two random variables are not independent, this statement is generally not true.
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2.9
Monte Carlo Integration

We may summarize the important results of this chapter as follows. If X1, X2, . . .,
Xn are i.i.d. random variables with probability distribution function f (x) ( x does
not necessarily have to be in R1, i.e. be on the real line), then for a function g(x),
an estimator is

GN = 1

N

N∑
i=1

g(Xi),

〈GN〉 =
∫ ∞

−∞
f (x)g(x) dx,

and

var{GN} = 1

N
var{g}.

As N → ∞ and if the variance exists, the distribution of possible values of GN

narrows about the mean as N− 1
2 ; or the probability of finding a GN some fixed

distance away from 〈GN〉 becomes smaller.
In the development of the Monte Carlo method so far, it has been assumed

that the random variables are drawn from a continuous distribution function and
that they are used to approximate an integral. Similar procedures can be employed
to perform sums by Monte Carlo. It becomes advantageous to use Monte Carlo
methods in the discrete case when many indices are involved. Consider the sum∑

i pig(Xi), where pi is a discrete probability distribution. If random variables
X1, . . . , XM are sampled from pi and the quantity

G = 1

M

M∑
i=1

g(Xi)

formed, the expected value of G is an estimator for the sum

〈G〉 =
∑

pig(Xi).

Monte Carlo evaluation of a sum might be used to determine the probability of
winning at solitaire; the probability is a finite sum, but contains a large number of
terms. A sum over the permutations of L objects becomes cumbersome when L is
large, but a Monte Carlo calculation can be performed efficiently.

The basic random variable used in Monte Carlo has been set by historical
convention to be distributed uniformly between 0 and 1.

fu(x) = 1, 0 ≤ x ≤ 1.

The use of this random variable in integration is demonstrated in the following
example:
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∫ 1

0

√
1 − x2 dx = π

4
. (2.48)

It can be rewritten as∫ 1

0
fu(x)

√
1 − x2 dx = π

4
,

The integral is now in a form in which we can apply the method described above
for evaluating integrals. A uniform random variable ξi is sampled from fu(x),

g(ξi) =
√

1 − ξ2
i is calculated and this process is repeated N times to form

G1 = 1

N

∑
g(ξi) = 1

N

∑
(1 − ξ2

i )
1
2 . (2.49)

The algorithm for calculating G1 can be easily programmed. In the pseudocode
that follows we shall use rand(u) as a generic name for a utility that produces good
pseudorandom numbers uniform on (0, 1) and assume that succeeding values
returned by rand(u) are independent.

Initialize sum = 0
Repeat N times, i = 1, . . . , N

sum = sum + sqrt(1.0 − rand(u)2)
EndRepeat
mean = sum/N

However, the evaluation of the integral in Equation 2.48 by Monte Carlo can be
approached in an entirely different manner.

Consider the unit square in the xy plane and the circle with unit radius
(Figure 2.5). Integrating over the unit square but counting only those pairs of x
and y that lie within the quarter circle yields the area of the quarter circle. That is
∫ 1

0

∫ 1

0
f (x, y)g(x, y) dx dy = π

4
,

where

f (x, y) =
{

1 (x, y) in (0, 1) ⊗ (0, 1) (i.e. inside the unit square)
0 otherwise

Figure 2.5 Unit square with inscribed quarter circle.
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and

g(x, y) =
{

1, x2 + y2 ≤ 1
0, x2 + y2 > 1.

Since x and y are independent,

f (x, y) = fu(x) fu(y),

so that f (x, y) may be sampled by drawing two independent uniform random
variables, ξi,ηi and forming the estimator, G2, which sums up the number of
times ξ2

i + η2
i ≤ 1. An algorithm for performing the Monte Carlo integration in

pseudocode is

Initialize sum = 0
Repeat N times, i = 1, . . . , N

x = rand(u)
y = rand(u)
If(x2 + y2 <= 1.0) then

sum = sum + 1
EndIf

EndRepeat
mean = sum/N

The two methods are of comparable effectiveness. Of course, neither is a method
of choice for this or other one-dimensional integrals. Which of the two estimators,
G1 or G2, will be used in actual practice depends on factors such as the variance
and efficiency of the calculation.

But a seemingly paradoxical outcome is seen: an integral in one dimension
is recast as an integral in two without serious, if any, loss of computational
efficiency. That one can work in many dimensions – indeed one can add extra
dimensions – is a characteristic of Monte Carlo quadrature in contrast to discrete
numerical quadrature, and is a property that can be exploited to great advantage in
many applications.

The procedure detailed above may be easily generalized. To evaluate the L-
dimensional integral over the unit hypercube
∫

· · ·
∫

g(x1, x2, . . . , xL) dx1 dx2 . . . dxL,

L uniform random variables could be sampled, the function g(x1, x2, . . . , xL)
calculated, and the whole process repeated N times. The arithmetic mean of the
function values gives an unbiased estimate of the integral.

Of course, given the ability to generate random variables from any distribution
over any space (as discussed in the next chapter) the domain of integration need
not be limited to hypercubes.

When a variable is generated using rand(u) or a similar function, it is a
pseudorandom variable; that is, it was generated by a deterministic algorithm.
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Since it is possible to use truly random variables in any calculation, why are
pseudorandom variables used? An absolute requirement in debugging a computer
code is the ability to repeat a particular run of the program. If truly random numbers
were used, an identical calculation could not be repeated and the recurrence of an
error would be left to chance. It has been suggested that pseudorandom numbers
be used to debug a program and that in the actual exercising of the program truly
random numbers be used. This method also suffers from the inability to repeat a
particular calculation. If after many hours of computer time an error should occur
in a code (subtle logical errors occur in many Monte Carlo codes), it is of utmost
importance to be able to repeat the error at will as an aid to debugging. It is also
very useful to be able to repeat a calculation when changes are made or when the
program is moved to a different computer. Furthermore, lengthy calculations may
require the generation of an enormous number of ‘‘random variables’’ at great
rates, and deterministic algorithms can be created to fill this need. The generation
of pseudorandom variables is discussed in much greater detail in Chapter 9.

Finally, there are situations in which the same sequence of random variables
must be generated, for example, to change a parameter but retain the correlation
with a previous calculation. In that case, the use of pseudorandom sequences offers
a great advantage.

2.10
Monte Carlo Estimators

We have defined an estimator as a useful approximation to a quantity of interest
Q , which may be derived from a Monte Carlo calculation. In the example given in
Equations 2.48 and 2.49 in which

π

4
=
∫ √

1 − x2 dx ≈ 1
N

∑
i

√
1 − ξ2

i ,

we consider Q to be π
4 and our estimator is the approximation on the right-hand

side, which is a function θ(ξ1, ξ2, . . . , ξN ) of the N random or pseudorandom
variables used in the calculation.

The function θ is of course itself random, and the statement that it gives a
satisfactory approximation to Q means that it is not expected to fluctuate far from
Q . Put a little more formally,

〈(θ − Q)2〉/Q2 � 1.

Acceptable values of the ratio depend on the application. A Monte Carlo calculation
may be intended to give a rough estimate of some numerical quantity, or it may be
aimed at high precision, or at a target in between. The appropriate balance between
small or zero bias and small variance will depend on these choices.

We write

〈(θ − Q)2〉 = 〈(θ − 〈θ〉)2〉 + (〈θ〉 − Q)2
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and observe that the quality of θ as a measure of Q comes separately from the
variance of θ and from the departure of its mean from Q . The quantity 〈θ〉 − Q is
called the bias of the estimator. An unbiased estimator is one for which 〈θ〉 = Q for
any experiment whatever the number N may be.

The quadratures we have discussed are unbiased since the result is linear in the
functions calculated. For some problems, however, it is very difficult to formulate
unbiased estimators. As we shall see, there are many problems for which the
answer required is a ratio of integrals,

Q =

∫ 1

0
g1(x) dx

∫ 1

0
g2(x) dx

,

for which a suitable estimator is

θ(ξ1, . . . , ξN) =

∑
i

g1(ξi)

∑
i

g2(ξi)
.

Since this is not a linear function of g2, it is biased. An example that can easily be
analyzed is

1 = 1∫∞
0 xe−x dx

≈ N∑N
i=1(− log(ξi))

.

The random variable X is sampled from an exponential distribution (see Section 3.1)
and an estimator for the quotient is formed. It can then be shown that
〈

N∑
(− log ξi)

〉
= N

N − 1
→ 1 + 1

N
+ 1

N2
+ · · · .

Our estimator is biased by 1
N , which, for large N, decreases faster than the standard

error of the mean (σ/
√

N); where here σ = 1. This 1
N behavior is typical of the bias

of such ratios. The results that may be derived from a Monte Carlo calculation are
more general than this, and may have different variation of the bias. It is of course
best if the bias becomes 0 as N grows large.

An estimator θ is termed consistent for the quantity Q if θ converges to Q with
probability 1 as N approaches infinity. That is, θ is a consistent estimator of Q if

P{ lim
N→∞

θ(ξ1, ξ2, . . . , ξN ) = Q} = 1.

The law of large numbers states that the sample mean XN is a consistent (and
unbiased) estimator of the mean µ. It further implies that estimators of quotients
that are quotients of means are also consistent (although, in general, biased).

While unbiased estimators are desirable, they should not be introduced at the
expense of a large variance, since the overall quality is a combination of both bias
and consistency. In general, one seeks the minimum of 〈(θ − Q)2〉.
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An example may clarify the issue. Suppose {ξi} are drawn uniformly and
independently on the interval (0, 1) and we wish to estimate the mean, Q , from the
chosen ξi. The estimator

XN = θ1 = 1

N

∑
ξi.

is the usual one discussed above. A plausible alternative for large N is

θ2 = 1
2

max (ξ1, ξ2, . . . , ξN).

Note that this estimator always gives results less than the mean, 1
2 . It is easy to

show that

E(θ1) = Q = 1

2
,

var{θ1} = 1

12N
= O

(
1

N

)
,

while

E(θ2) = N

N + 1
Q = Q

(
1 + O

(
1

N

))
,

E(θ2 − Q)2 = 2Q2

(N + 1)(N + 2)
= O

(
2

N2

)
.

Thus, although θ2 is biased (by 2
N ), its variance for large N is smaller than that of θ1

by a ratio of N
3 . The bias is then equal to its standard deviation. For some purposes,

this would be a more useful estimator.
Just as a good Monte Carlo calculation must be supplemented with an estimate

of the statistical error, sources of bias should be identified. The bias should be
estimated numerically or an upper bound should be determined. A useful way of
estimating bias when the behavior with N is known is to group the data in samples
smaller than N, say n = N/m. One can average this more biased estimator over the
m groups obtained and study the dependence on m:

Bias of

N∑
i=1

g1(ξi)

N∑
i=1

g2(ξi)

≈ c

N
,

Bias of
1

m

m∑
l=1




nl∑
i=n(l−1)+1

g1(ξi)

nl∑
i=n(l−1)+1

g2(ξi)




groupl

= c

n
= cm

N
.

with c being a positive constant.
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We note in passing that this method of grouping is also a practical way
of estimating the variance of the quotient. This consists in selecting groups
of numerators and denominators that are nearly independent, forming partial
quotients for the groups, and then applying Equation 2.44.
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3
Sampling Random Variables

We have sketched how a Monte Carlo calculation is a numerical stochastic process.
The next step consists in designing and carrying out such a process so that answers
to interesting questions may be obtained. In doing so, it is usually required that
random variables be drawn from distribution functions that define the process.
For example, to evaluate the integral

∫
f (x)g(x) dx, values of X must be drawn

from f (x) and the average value of g(x) over a set of such X calculated. The process
of ‘‘sampling X from f (x),’’ as it is ordinarily called, is therefore an essential
technical matter. It is the purpose of this chapter to introduce the reader to the
methods required. It will be beyond our scope to give a complete review or survey
of methods or of known algorithms. References will be supplied to other literature
[1, 2]. Our treatment may serve to illustrate important principles, to exercise ideas
of probability, but above all to demonstrate that sampling any f (x) can in fact
be carried out. At the same time, some specific techniques and results will be
presented. First, we must define what we mean by sampling. Consider some space
�0 and x ∈ �0, together with a probability distribution function1) f (x), where

∫
�0

f (x) dx = 1.

A sampling procedure is an algorithm that can produce a sequence of values of X
(‘‘random variables’’) X1, X2, . . . such that for any � ∈ �0

P{Xk ∈ �} =
∫

�

f (x) dx ≤ 1. (3.1)

For a one-dimensional distribution defined on (0, 1), this means that

P{Xk ∈ (a, b)} =
∫ b

a
f (x) dx, 0 < a < b < 1.

Informally, for small values of b − a = dx,

P{Xk ∈ dx} = f (x) dx.

1) The case in which the space is discrete, and the case of mixed discrete and continuous variables
need only a slight change of notation.

Monte Carlo Methods. Second Edition. M.H. Kalos and P.A. Whitlock
Copyright  2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40760-6
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It will be possible to do this only by already having a sequence of some basic random
variables. It has become conventional to start with random variables that are in-
dependent and uniformly distributed on (0, 1). We shall denote these by ξ1, ξ2, . . .,
and assume that they can be generated by a computer procedure called rand(u).
Such routines are widely available and usually giving satisfactory imitations of truly
random variables. These are called pseudorandom numbers. It is important to note
that here satisfactory means that the results are adequate in a particular context. No
general method has ever been proved acceptable in any but the most elementary
calculations, and well-known computer manufacturers have supplied bad pseu-
dorandom generators. It is unfortunately necessary to test such generators both
intrinsically and in the context of a specific class of applications. Further discussion
of these issues is given in Chapter 9. However, in the discussion that follows, an
indefinite supply of uniform pseudorandom variables is assumed to exist.

3.1
Transformation of Random Variables

Suppose that X is a random variable with cumulative distribution function FX (x)
and pdf,

fX (x) = dFX

dx
,

and that the random variable Y = y(X ) is a continuous nondecreasing function of
x as in Figure 3.1. What is FY (y)? The variable X and the function y(X ) map into
each other

y(X ) ≤ y(x) iff X ≤ x, (3.2)

so the probabilities become

P{y(X ) = Y ≤ y(x)} = P{X ≤ x} (3.3)

or

FY (y) = FX (x). (3.4)

y

x

Figure 3.1 y is a continuous nondecreasing function of x.
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Figure 3.2 y is a nonincreasing function of x.

The relationship between the probability distribution functions may be determined
by differentiating Equation 3.4:

fY (y)
dy

dx
= fX (x). (3.5)

Suppose that y(X ) is a nonincreasing function of X (Figure 3.2); then

P{y(X ) ≤ y(x)} = P{X ≥ x} = 1 − P{X < x}, (3.6)

since

P{X ≥ x} + P{X < x} = 1. (3.7)

The cumulative distribution function for Y is, therefore,

FY (y) = 1 − FX (x) (3.8)

and

fY (y)
dy

dx
= −fX (x). (3.9)

The probabilities in Equation 3.9 are nonnegative since dy/dx is negative. The
relationship between the pdf’s of X and Y for both cases can be combined in one
equation as

fY (y)

∣∣∣∣ dy

dx

∣∣∣∣ = fX (x). (3.10)

Thus, given that X is a random variable with pdf fX (x) and Y = y(X ), then

fY (y) = fX (x)

∣∣∣∣dx

dy

∣∣∣∣ = fX (x)

∣∣∣∣ dy

dx

∣∣∣∣
−1

. (3.11)

Equation 3.11 is also written as

|fX (x) dx| = |fY (y) dy|, (3.12)

reflecting the fact that all the values of X in dx map into values of Y in dy
(Figure 3.3). We now give some simple examples.
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y

x
dx

dy

Figure 3.3 Values of X in dx map into values of Y in dy.

Suppose that X is a random variable on (0, 1) with

fX (x) = 4
π

1
1 + x2

, 0 ≤ x < 1 (3.13)

and Y = 1/X , 1 < Y < ∞, then

dy

dx
= − 1

x2
= −y2

and

fY (y) =
(

4

π

)
1

1 + x2
y−2 =

(
4

π

)
1

1 + 1/y2

1

y2
=

(
4

π

)
1

1 + y2
. (3.14)

The pdf fY (y) is a different distribution; however, in this case, it has the same
functional form as fX (x), but on a different domain.

As another example, consider the linear transformation Y = a + bX . Now

fY (y) = |b−1| fX

(
y − a

b

)
. (3.15)

In particular, let fX (x) = 1 for X on [0, 1]; then

fY (y) =
{

b−1, a ≤ y ≤ a + b for b > 0
−b−1, a + b ≤ y ≤ a for b < 0.

(3.16)

Equation 3.15 can be used to prove a relation asserted in Section 2.8. The charac-
teristic function of y(x) is

cY (t) =
∫ ∞

−∞
eiytfY (y) dy = b−1

∫ ∞

−∞
eiytfX

(
y − a

b

)
dy. (3.17)

By changing variables u = (y − a)/b, the integral becomes

cY (t) =
∫ ∞

−∞
ei(a+bu)tfX (u) du = eiatcX (bt). (3.18)

For the case when a = 0 and b = 1/n, Equation 3.18 reduces to

cY (t) = cX

(
t

n

)
. (3.19)
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Suppose X is distributed normally with mean 0 and variance 1:

fX (x) = φ′(x|0, 1) = 1√
2π

exp
[
−x2

2

]
, −∞ < x < ∞, (3.20)

and Y is a linear transformation of X , Y = σX + µ. Then

fY (y) = 1√
2πσ

exp

[
−1

2

(
y − µ

σ

)2
]

. (3.21)

The random variable Y is also normally distributed, but its distribution function is
centered on µ and has variance σ2.

In the discussion, so far we have talked about transforming a random variable
X having any distribution into a random variable Y . Because conventional pseu-
dorandom number generators yield values uniform on (0, 1), the transformation
from that case is particularly important and is also called inversion. The pdf for a
uniform random variable on (0, 1) is

fξ(ξ) =
{

0 for ξ < 0 or ξ > 1
1 otherwise.

(3.22)

Now consider as an example the family of functions

Y = ξr . (3.23)

Then the probability distribution function for Y is

fY (y) =
∣∣∣1

r

∣∣∣y1/r−1
{

0 < y < 1 if r > 0
1 < y < ∞ if r < 0.

(3.24)

If r > 1, the power of Y will be negative, for example,

r = 2 ⇒ fY (y) = 1
2 y− 1

2 .

This pdf diverges at the origin; distributions can be singular. As r → ∞, the pdf
becomes arbitrarily close to fY (y) = y−1, but never reaches it since fY (y) must be
integrable. If it is necessary to sample a power law, Equation 3.24, on 0 < y < 1
or y > 1, then the transformation given above, Equation 3.23, may be used. The
functions in Equation 3.24 will also be useful in evaluating integrals of singular
functions by sampling singular pdf ’s. What is meant by this will be explained more
fully in Chapter 4.

Another useful transformation is

Y = − log ξ, Y on (0, ∞). (3.25)

The transformation can be written ξ = e−Y so that the pdf for y is

fY (y) = fξ(ξ)

∣∣∣∣ dy

dξ

∣∣∣∣
−1

,

∣∣∣∣ dy

dξ

∣∣∣∣ = 1

ξ
= ey,

so finally

fY (y) = e−y. (3.26)
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That is, the random variable, which is the natural logarithm of a uniform random
variable, is distributed exponentially.

Specific Algorithms

We now consider the problem of finding an algorithm to sample a specified
function. This is usually the form in which the problem is posed. For univariate
distributions, there is a general inversion technique that may be justified as follows.

Let Y = y(X ) be an increasing function of X . The cumulative distribution function
of Y may be determined from Equation 3.4. If X = ξ is uniform, its cumulative
distribution function is

Fξ(ξ) =



0, ξ < 0
ξ, 0 ≤ ξ ≤ 1
1, ξ ≥ 1.

(3.27)

Therefore, on (0, 1) the cumulative distribution function for Y is determined by
solving the equation

FY (y) = ξ for Y . (3.28)

Sampling an Exponential

Suppose the pdf for Y is given by

fY (y) = λe−λy, 0 < y < ∞, (3.29)

which is a generalization of Equation 3.26. Then from Equations 3.28 and 3.29

FY (y) =
∫ y

0
λe−λudu = 1 − e−λy = ξ. (3.30)

which yields

Y = − 1

λ
log(1 − ξ), (3.31)

an increasing function of ξ. The expression in Equation 3.31 is computationally
equivalent2) to −(1/λ) log(ξ). This is true since, if ξ is uniform on (0, 1), then 1 − ξ

is also uniform on (0, 1). The decision about which form to use depends both on
whether fY (y) is increasing or decreasing and on convenience.

Sampling 2
π

1
1 + y2

As another example, let

fY (y) = 2

π

1

1 + y2
, 0 < y < ∞; (3.32)

2) By computationally equivalent we do not mean that the value of Y is the same in both cases.
Rather, the distributions are the same and both give statistically equivalent results when used in a
Monte Carlo calculation.
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then the cumulative distribution function is

FY (y) =
∫ y

0

2

π

1

1 + u2
du = 2

π
tan−1 y = ξ.

Solving this equation for Y yields

Y = tan
π

2
ξ. (3.33)

If a random variable Y is required having pdf [π(1 + y2)]−1 on (−∞, ∞), this may
be accomplished by assigning a sign to Y randomly,

if ξ1 < 1
2 , Y = − tan π

2 ξ2,

if ξ1 > 1
2 , Y = + tan π

2 ξ2.

It is left to the reader to show that if the pdf of Y is

fY (y) = 1
π

1
1 + y2

, −∞ < y < ∞,

then Y may be obtained from the transformation

Y = tan
π

2
(2ξ − 1).

Sampling r exp(− 1
2 r2)

A useful pdf is

fR(r) = r exp
[
−1

2
r2

]
, 0 < r < ∞, (3.34)

whose cumulative distribution function is given by

FR(r) =
∫ r

0
u exp

[
−1

2
u2

]
du = 1 − exp

[
−1

2
r2

]
= ξ.

A random variable that is distributed as in Equation 3.34 is then

R = [−2 log(1 − ξ)]
1
2 .

which is computationally equivalent to

R = [−2 log ξ]
1
2 . (3.35)

The Box–Muller Method for Sampling a Gaussian or Normal Distribution

It is frequently necessary to sample a Gaussian,

φ′(y|0, 1) = 1√
2π

exp
[
−1

2
y2

]
, −∞ < y < ∞, (3.36)

in Monte Carlo calculations. In practice, it is easier to sample two independent
Gaussian random variables, Y1 and Y2, together, than to sample a single variable:
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f (y1, y2) = φ′(y1|0, 1) φ′(y2|0, 1) = 1

2π
exp

[
−1

2

(
y2

1 + y2
2

)]
.

Now, the equation can be transformed into the independent polar coordinates R
and � by the transformation

Y1 = R cos �,

Y2 = R sin �,

and rewritten as

φ′(y1)φ′(y2) dy1 dy2 =
(

exp
[
−1

2
r2

]
r dr

)(
1

2π
dφ

)
. (3.37)

The angle � is distributed uniformly on (0, 2π) and may be sampled by

� = 2πξ2.

The probability distribution function for R is the same as that introduced in
Equation 3.34, so R can be sampled as in Equation 3.35. The two independent
Gaussian random variables become

Y1 = [−2 log ξ1]
1
2 cos 2πξ2,

Y2 = [−2 log ξ1]
1
2 sin 2πξ2; (3.38)

this is known as the Box–Muller method (though it was invented by Wiener [3]).
The equations can be linearly transformed to any µ and any σ as described above
(see Equation 3.21). A good function may be programmed using the Box–Muller
method; however, as written the method is convenient but slow. One advantage is
that it permits the sampling of a gaussian random variable in one coded expression.

Approximate Gaussian Sampling

An approximate Gaussian random variable may also be generated by invoking the
central limit theorem. By sampling N uniform random variables ξ1, ξ2, . . . , ξN and
forming the sum

Y =
√

12/N

(
N∑

k=1

ξk − N

2

)
, (3.39)

a variable with mean 0 and variance 1 is generated. The central limit theorem
asserts that this will be nearly gaussian for large N. A value of N = 12 appears to be
sufficiently large for many purposes and avoids the evaluation of the factor

√
12/N.

3.2
Numerical Transformation

In the preceding examples, an expression for sampling a random variable was
derived by applying
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FY (y) = ξ.

This equation can always be used if y(ξ) is an increasing function, but in practice
solving it may require a slow iteration procedure. For example, a transcendental
equation must be solved anew for each value of ξ.

An attempt to generate a Gaussian random variable by the equation

φ(x|0, 1) = ξ

requires solving the expression for the error function,

1√
2π

∫ x

0
exp

[
−u2

2

]
du = erf (x) = ξ,

for X . The method of setting a uniform random variable equal to the cumulative dis-
tribution function is useful only if the resulting equation is economically solvable.
Finally, it may be that f (y) is known only numerically (e.g. from experimental data).

A general, straightforward, and economical approximation to the required inver-
sion may be obtained if the specific values of the cumulative distribution function
for Y can be computed in advance. That is, let

F(yn) =
∫ yn

0
fY (y) dy = n

N
, n = 0, 1, 2, . . . , N, (3.40)

where y0 = 0. As before, we must solve

F(y) = ξ

for Y . Find n such that

n

N
< ξ <

n + 1

N
.

The value for Y may be calculated by linear interpolation

Y = yn + (yn+1 − yn)u, (3.41)

where

u = Nξ − n, 0 < u < 1.

This method corresponds to approximating a pdf by a piecewise-constant function
with the area of each piece a fixed fraction as in Figure 3.4. It is most accurate when
the pdf is large and is least accurate when the pdf is small. Rather than linearly
interpolating, the value of Y may simply be set to the nearest yn. This approximates
the original fY (y) as a discrete distribution.

3.3
Sampling Discrete Distributions

According to Equation 3.22 the distribution function for a uniform random
variable is
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Figure 3.4 Approximating a numerical f (y) by a piecewise-constant function.

fξ(ξ) = 1, 0 ≤ x ≤ 1.

Using Equation 2.21, we have that

P{0 ≤ x1 < ξ ≤ x2 ≤ 1} = Fξ(x2) − Fξ(x1) = x2 − x1. (3.42)

The chance that ξ lies in an interval [x1, x2] of (0, 1) is equal to the length of the
interval. Suppose we have a class of events Ek with probabilities fk and we wish to
sample one at random. We may generate a uniform variable ξ and, if it lies in an
interval of length fk on (0, 1), assign event k to that trial. Better, since

∑
fk = 1, it is

possible to take the interval (0, 1) and exhaust it by dividing it into segments each
of which has a length equal to some fl (Figure 3.5). The interval into which a ξ falls
determines the identity of the event.

A uniform random variable is generated, and the smallest l is found for which
the sum of the fk is greater than the random number; that is,

l−1∑
k=0

fk < ξ ≤
l∑

k=0

fk. (3.43)

(When l = 0, the sum is defined to equal 0.) Whenever 0 < ξ < f1, event 1 takes
place; if f1 < ξ < f1 + f2, event 2 takes place; and so on.

Thus, if we must choose between equally likely events, we may consider the first
to be selected if some ξ < 1

2 otherwise, the second is selected. To select three events
with probabilities 1

2 , 1
4 , and 1

4 , we choose the first if ξ < 1
2 , the second if ξ < 3

4 , and
the third otherwise.

Suppose we must choose among K equally likely events,

fk = 1

K
, k = 1, 2, . . . , K.

Figure 3.5 Dividing the interval (0, 1) into segments of length fl.



3.3 Sampling Discrete Distributions 45

The sums in Equation 3.43 are formed and reduced to

l − 1

K
< ξ ≤ l

K
,

l − 1 < ξK ≤ l.

The appropriate value of l for a particular ξ is then

l = [ξK] + 1,

where [u] indicates truncation to the largest integer less than u.
In searching for an index l satisfying Equation 3.43, a binary search is strongly

recommended when the total number of intervals is large and if
∑

fk does not
converge fast. If a serial search is to be used and the index can be arranged at our
disposal, then the index with the largest probability should be put in the first place,
and so on, to reduce the average time of searching.

The Geometric Distribution

An illustration of efficient searching is found in sampling the geometric distribution

fk = 2−k, k = 1, 2, . . . .

The procedure starts with the largest probability:

Initialize fk = 0.5
Initialize x = rand(u)
Repeat Until x <= fk, k = 1, . . .

fk = 0.5*fk
k = k + 1

EndRepeat
K = k

Since the probabilities decrease, the chances are good that the loop terminates
quickly. In fact, two tests are required, on the average, before it does. Alternatively,
it is possible to sample K directly (i.e. by solving Equation 3.43 explicitly) to get in
pseudocode

K = −log(rand(u))/log(2) + 1.

The decision on which method to use to sample the geometric distribution depends
on the computer used. If evaluation of logarithms is slow, it is better to use the
multiplicative method shown first.

On the other hand, for sampling

fk = (1 − α)αk−1; k = 1, 2, . . . ,
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the expected number of passes through a loop as in the pseudocode given above is
1/(1 − α), which is large for α close to 1. A binary search can be carried out in time
proportional to − log(1 − α), but the computation by way of − log(ξ)/ log(α) takes
constant time.

Further illustrations of the sampling of discrete distributions will be given in the
discussion of other methods. In particular, the composition method (Section 3.4)
involves sampling discrete marginal distributions and continuous (or discrete)
conditional distributions.

Mixed Distributions

A mixed distribution has a cumulative distribution function that is partly con-
tinuous, but with step discontinuities. An example is shown in Figure 3.6. It
may be sampled by mapping if care is taken to map ξ to the appropriate part
of FX (x).

Consider

FX (x) =
{

0 for x < 0
1 − 1

2 e−λx for x > 0.
(3.44)

The step of 1
2 at x = 0 indicates that the discrete value x = 0 occurs with probability

1
2 ; values of x > 0 are distributed continuously from zero to infinity. Negative
values of x never occur. To sample this, we select ξ and set

X =
{

0 if ξ ≤ 1
2

− log(2(1 − ξ))/λ otherwise.
(3.45)

That is, we solve FX (x) = ξ when ξ > 1
2 .

In summary, suppose that Y = y(X ) is a discrete random variable. A value of Y
is sampled by generating a uniform random variable and deciding what value of Y
contains ξ in its range:

P{ξ in a particular range} = length of discrete segment.

This procedure is demonstrated in Equation 3.43. If the cumulative distribution
function also contains continuous sections, Equation 3.28 must be solved in these
sections.

Figure 3.6 A mixed distribution function.
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3.4
Composition of Random Variables

We have indicated that transforming or inversion of random variables may lead
to unpleasantly complicated equations to solve numerically. Another technique for
generating random variables having a required distribution is to take two or more
different (usually independent) random variables drawn from known distributions
and combine them in interesting ways. The Box–Muller method of Equation 3.38
is in fact an example of sampling by composition. The simplest example is to
simply add two independent random variables.

3.4.1
Sampling the Sum of Two Uniform Random Variables

Let X and Y be uniform on (0, 1) and Z = X + Y ; then

FZ(z) = P{X + Y < z} (3.46)

is the area under the line Z = X + Y within the unit square as shown in Figure 3.7.
Consider the case where X + Y < 1. Geometrically, FZ(z) is seen (Figure 3.8) to

be the area of the triangle with sides equaling z:

FZ(z) = 1
2 z2.

Figure 3.7 The sum of two random variables.

Figure 3.8 FZ(z) when X + Y < 1.
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Figure 3.9 FZ(z) when X + Y > 1.

Figure 3.10 The probability distribution function z = x + y.

For X + Y > 1 (refer to Figure 3.9), the cumulative distribution function is

FZ(z) = 1 − 1
2 (2 − z)2.

The corresponding pdf ’s are

fZ(z) =
{

z, 0 < z < 1
2 − z, 1 ≤ z < 2,

(3.47)

which when taken together gives the pdf in Figure 3.10. It is left as an exercise for
the reader to find the pdf when two uniform random variables are multiplied.

3.4.2
Sampling a Random Variable Raised to a Power

Another form of composition is illustrated as follows. Let X1, X2, . . . , Xn be drawn in-
dependently from the cumulative distribution functions F1(x1), F2(x2), . . . , Fn(xn).
Set Z to be the largest of the Xi,

Z = max{X1, X2, . . . , Xn}. (3.48)

What is the distribution function? The following statement holds:
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Z = max{X1, X2, . . . , Xn} ≤ z (3.49)

if and only if

X1 ≤ z and X2 ≤ z and . . . and Xn ≤ z.

Since the Xi are all independently distributed,

P{Z ≤ z} = P{X1 ≤ z}P{X2 ≤ z} . . . P{Xn ≤ z}
or

P{Z ≤ z} =
n∏

i=1

Fi(z). (3.50)

A similar proof holds for the smallest of n random variables.

Suppose z equals the maximum of k uniform random variables

Z = max{ξ1, ξ2, . . . , ξk}; (3.51)

then

FZ(z) =
k∏

i=1

Fi(z) = zk (3.52)

since

Fi(ξ) = ξ

for a uniform random variable. The pdf corresponding to Fz(z) is

f (z) = kzk−1, 0 < z < 1. (3.53)

The algorithm for Equation 3.51 in pseudocode is

Initialize z = 0.0
Repeat k times, ik = 1, . . . , k

z = max(rand(u), z)
ik = ik + 1

EndRepeat

It is also possible to sample a Z by transformation:

FZ(z) = zk = ξ,

Z = ξ1/k, (3.54)

which in pseudocode is written as follows:

z = rand(u) (̂1./k).
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In a computer calculation, which method will be more efficient? Though the
sampling method in Equation 3.54 may be written in one line of code, the
statement invokes a logarithm and an exponential for the actual computation.
Therefore, method (3.51) is faster for small values of k. As the value of k increases,
more and more random numbers must be computed in the loop while the
computation time of Equation 3.54 will be independent of the value of k. For larger
values of k, it is preferable to employ the second method. The choice of algorithm
for sampling a random variable should be guided by which is more efficient. The
decision is machine and compiler dependent.

3.4.3
Sampling the Distribution f(z) = z(1 − z)

Let Z equal the middle value of three uniform random numbers,

Z = mid(ξ1, ξ2, ξ3); (3.55)

the probability distribution function for Z is then

f (z) = 6z(1 − z).

This result may be easily derived. Assume that ξ1 < ξ2 < ξ3 so that Z = ξ2. The
probability that Z is in dz = dξ2 and that ξ1 < ξ2 and ξ3 > ξ2 is

fZ(z) dz = dξ2P{ξ1 ≤ ξ2}P{ξ2 ≤ ξ3} = dξ2ξ2(1 − ξ2) = z(1 − z) dz,

since P{ξ2 ≤ ξ3} = 1 − P{ξ3 < ξ2}. The probability that the middle value is found
in any possible range dξ = dz becomes

∫ 1

0
fZ(z) dz =

∫ 1

0
x(1 − z) dz = 1

6
.

Taking into account the six possibilities for the arrangement of ξ1, ξ2, ξ3, we get
the pdf for Z

f (z) = 6z(1 − z). (3.56)

The corresponding cumulative distribution function is

P{middle Z < z} = F(z) = 3z2 − 2z3.

3.4.4
Sampling the Sum of Several Arbitrary Distributions

Often a distribution function that must be sampled has (or may be written in) the
form

fX (x) =
n∑

i=1

αigi(x); αi ≥ 0, gi(x) ≥ 0, (3.57)

∫
�0

gi(x) 	= 1,
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but as usual∫
�0

fX (x) dx = 1.

We now demonstrate how such a sum of terms may be sampled by random
selection of a single term of the sum followed by sampling the distribution of that
term. Consider a set of functions hi(x) and coefficients βi satisfying

hi(x) ≥ 0,
∫

�0

hi(x) dx = 1,

βi ≥ 0,
n∑

i=1

βi = 1. (3.58)

The βi are effectively probabilities for the choice of an event i. Let us select event m
with probability βm. Then sample X from hm(x) for that m. What is the distribution
of the values of X that results? That is, what is the probability that X ≤ x? The
probability that m is chosen and X ≤ x is βm

∫ x
0 hm(t) dt. Since different m are

mutually exclusive, the total probability that X ≤ x is the sum over all m:

P{X ≤ x} =
n∑

m=1

βm

∫ x

0
hm(t) dt. (3.59)

The probability distribution function that results is just

h(x) =
n∑

m=1

βmhm(x). (3.60)

Again we emphasize that although a single hm(x) is sampled in one trial, the result,
taking into account that any m can be used, is to sample the entire sum.

Returning to Equation 3.57, we observe that it may be rewritten as follows:

fX (x) =
n∑

i=1

αi

[∫
�0

gi(u) du

] [
gi(x)∫

gi(w) dw

]
. (3.61)

We identify

βi = αi

∫
�0

gi(u) du (3.62)

and

hi(x) = gi(x)∫
gi(w) dw

and note that the conditions in Equation 3.58 are satisfied.

An example will illustrate the ideas. Consider the pdf

fX (x) = 3
5

(
1 + x + 1

2
x2

)
, 0 < x < 1; (3.63)
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the sum is rewritten as

fX (x) = 3

5
× 1 + 3

5
× 1

2
× 2x + 3

5
× 1

2
× 1

3
× 3x2

so that

β1 = 3
5 , h1 = 1,

β2 = 3
10 , h2 = 2x,

β3 = 1
10 , h3 = 3x2,

and
n=3∑
i=1

βi = 1.

The value of i is chosen with probability βi, that is,

1. sample ξ0;

2. if ξ0 ≤ 6
10 , i = 1;

3. else if ξ0 ≤ 9
10 , i = 2;

4. else i = 3.

Once a value for i is selected, the appropriate hi is sampled for X :

if i = 1, set X = ξ1;
if i = 2, set X = max(ξ1, ξ2);
if i = 3, set X = max(ξ1, ξ2, ξ3)

since the distribution functions for X are all power laws.

Another example is the pdf

fX (z) = 1

4

[
1

x
1
2

+ 1

(1 − x)
1
2

]
, 0 < x < 1. (3.64)

This may also be sampled using the algorithm suggested above by rewriting it in
the form

fX (x) = 1

2

1

2x
1
2

+ 1

2

1

2(1 − x)
1
2

so that

β1 = 1
2

, h1(x) = 1

2x
1
2

,

β2 = 1
2

, h2(x) = 1

2(1 − x)
1
2

.

The cumulative distribution function corresponding to h1(x) is
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H1(x) = x
1
2 = ξ or X = ξ2;

similarly the cumulative distribution function corresponding to h2(x) is

H2(x) = 1 − (1 − x2)
1
2 = ξ or X = 1 − (1 − ξ)2.

But this equation may be simplified by remembering the argument that 1 − ξ is
uniform on (0, 1) if ξ is, so

X = 1 − ξ2.

The sampling algorithm becomes

1. X = ξ2
1;

2. if ξ2 > 1
2 , X = 1 − X

(
since βi = 1

2

)
. (3.65)

This is a simple method for sampling a complicated pdf.

3.5
Rejection Techniques

There is a kind of composition method that leads to very general techniques for
sampling any probability distribution. It has one new feature, namely, that a trial
value for a random variable is selected and proposed. This value is subjected to
one or more tests (involving one or more other random variables) and it may be
accepted, that is, used as needed, or rejected. If it is rejected, the cycle of choosing
and testing a trial value is repeated until an acceptance takes place. An important
property of the method is that the normalization of the distribution need not be
known explicitly to carry out the sampling.

A disadvantage is that it may have low efficiency, that is, many values are rejected
before one is accepted. It is an interesting technical challenge to devise efficient
rejection techniques for varieties of distributions. The idea is best conveyed by a
simple general case and a specific example.

Suppose we want to sample an X from a complicated pdf on (0, 1), and that the
‘‘trial value’’ X0 = ξ1 is chosen uniformly between 0 and 1. The test to which X0 is
subjected must accept few values when fX (x) is small (near x = 1 in Figure 3.11)
and most values when fX (x) is large (near x = 0). This is accomplished by accepting
X0 with probability proportional to fX (X0). In Figure 3.11, trial values occur equally
often in dx1 and dx2(= dx1), but we accept a larger fraction of those in dx1 where
fX (x) is larger.

The pdf in the figure has the property that

fX (x) ≤ f (0). (3.66)

A test that meets exactly our requirement that the distribution of accepted X0 is
fX (X0) is
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f (x)

dx1 dx2
1

x

Figure 3.11 A complicated pdf that can be sampled by rejection techniques.

Accept X = X0 if ξ2 ≤ fX (X0)

fX (0)
. (3.67)

Stated another (geometric) way, points are chosen uniformly in the smallest
rectangle that encloses the curve fX (x). The ordinate of such a point is X0 = ξ1;
the abscissa is f (0)ξ2. Points lying above the curve are rejected. Points below are
accepted; their ordinates X = X0 have distribution fX (x).

The method can be clarified by a concrete example: let

fX (x) = 4

π

1

1 + x2
, 0 < x < 1, (3.68)

which is a monotonically decreasing function on (0, 1) (Figure 3.12).
A series of random points are generated uniformly on a rectangle enclosing

fX (x). Only those points that lie below the curve fX (x) are accepted. The algorithm
for accomplishing this is

1. X0 = ξ1;

2. X1 = ( 4
π

)
ξ2;

3. if X1 ≤ ( 4
π

) [
1

(1+X2
0 )

]
accept X = X0; otherwise repeat from step 1.

The algorithm may be rephrased more succinctly as

1. X0 = ξ1;

2. if ξ2 > 1
(1+X2

0 )
, then repeat from 1; else X = X0.

Or more efficiently as

1. if ξ2(1 + ξ2
1) > 1 repeat; otherwise X = X0 = ξ1.
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Figure 3.12 The pdf (4/π)[1/(1 + x2)].

Let us derive the distribution function sampled in general by rejection methods.
The goal is to sample an X from a pdf, f (x). However, we can more easily sample
a random variable Z from pdf g(z). This Z is accepted, X = Z, with probability
h(z), i.e. ξ2 ≤ h(Z) < 1; else sample another Z. Then X has a pdf proportional to
h(z)g(z). Why? There are two discrete events: a success (Z is accepted, X = Z) and
no success (Z is rejected). The joint probability that Z < x and that ξ2 ≤ h(Z) is

P{Z < x and ξ2 ≤ h(Z)} =
∫ x

−∞
h(z)g(z) dz, (3.69)

where h(z) is the probability of success given z and g(z) dz is the probability that z
is in dz. We may write the joint probability as the product of a marginal probability
for success and a conditional probability that Z < x:

P{Z < x and success} = P{success}P{Z < x|success}.
But, P{Z < ∞} = 1 so that

P{success} =
∫ ∞

−∞
h(z)g(z) dz.

The rejection technique yields a value for X only when a success occurs, that is,

P{Z < x|success} = distribution of Z′s coming from a rejection algorithm

=
∫ x
−∞ h(z)g(z) dz∫ ∞
−∞ h(z)g(z) dz

; (3.70)

therefore, the probability distribution that results from the rejection technique is

h(z)g(z)∫ ∞
−∞ h(t)g(t) dt

.

However, we want to sample X from f (x). If we choose

h(z) = f (z)/g(z)

Bh
, (3.71)
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where Bh is an upper bound for f (z)
g(z) and h(z) ≤ 1; X will be sampled from

h(z)g(z)∫ ∞
−∞ h(t)g(t) dt

= f (x)

Bh
∫ ∞
−∞ h(t)g(t) dt

= f (x). (3.72)

The a priori probability of a success is called the efficiency, ε, and is given by

P{success} = ε =
∫ ∞

−∞
h(z)g(z) dz. (3.73)

The efficiency for the choice of h(z) in Equation 3.71 becomes

ε = 1
Bh

∫ ∞

−∞

[
f (z)
g(z)

]
g(z) dz = 1

Bh
(3.74)

since
∫ ∞
−∞ f (z) dz = 1. Bh should be the least upper bound for f (z)

g(z) to maximize the
efficiency.

The expected number of trials up to and including a success per accepted random
variable is (cf. Section 2.2.2)

∞∑
k=0

(k + 1)(1 − ε)kε = 1
ε
. (3.75)

A better measure of the usefulness of a rejection technique is the expected number
of trials multiplied by the computer time per trial.

Let us consider again the example in Equation 3.68

f (x) = 4

π

1

1 + x2
,

and set Bh = 4
π

. The efficiency of the rejection technique is ε = π
4 and the expected

number of trials up to and including the first success is 4
π

. The proposed algorithm
for sampling an X is

1. Z = ξ1;

2. if ξ2 > 1
(1+Z2)

, then repeat from 1; otherwise accept X = Z.

The time per accepted X using this algorithm on a microprocessor was found to be
0.5 × 10−6 seconds. An alternative, inversion method for sampling f (x) discussed
previously is

X = tan
π

4
ξ.

Using the same compiler, pseudorandom number generator and microprocessor,
the time for choosing an X from the latter method was 0.4 × 10−6 seconds. Even
though the rejection technique requires sampling two uniform random numbers
as well as the possibility of multiple iterations of the loop, the time per accepted
value is comparable to the inversion method.
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3.5.1
Sampling a Singular pdf Using Rejection

Consider the singular probability distribution function

f (x) = 2

π(1 − x2)
1
2

, 0 < x < 1; (3.76)

this function is unbounded and the straightforward rejection technique introduced
above is not appropriate here. Instead, write

f (x) = 2

π

1

(1 + x)
1
2 (1 − x)

1
2

and let

g(z) = 1

2(1 − z)
1
2

; (3.77)

then f (z)/g(z) becomes

f (z)

g(z)
= 2

π

1

(1 + z)
1
2 (1 − z)

1
2

× 2(1 − z)
1
2

= 4

π

1

(1 + z)
1
2

≤ 4

π
. (3.78)

An appropriate choice for h(z) is

h(z) = f (z)/g(z)

Bh
= 1

(1 + z)
1
2

,

with Bh = 4
π

. An algorithm for selecting an X is

1. sample Z from 1
2 (1 − z)

1
2 (i.e. Z = 1 − ξ2

1);

2. if ξ2 ≤ 1

(1+Z)
1
2

, set X = Z; else reject and repeat from 1.

Step 2 may be written more efficiently as ξ2
2(1 + Z) ≤ 1 to avoid a square root and

a division.

3.5.2
Sampling the Sine and Cosine of an Angle

Rejection techniques have been used extensively in Monte Carlo calculations. A
particularly famous algorithm is due to von Neumann [4] for sampling the sine and
cosine of an angle uniform on (0, 2π). If we are interested in the rotation of objects
in three-dimensional space, the angle of rotation may be sampled uniformly, but
the sine and cosine of the angle must be calculated for the rotation matrix. The
straightforward method would set

� = 2πξ
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and then calculate cos � and sin �. It would be more efficient to have another
method of sampling � that gives the sine and cosine directly. Consider the unit
quarter circle inscribed inside the unit square as in Figure 3.13. The direction
inside the quarter circle is uniformly distributed

f (φ) dφ = 2
π

dφ.

The probability of finding an angle in dφ is proportional to dφ. Values of X and Y
are chosen uniformly on (0, 1):

1. X = ξ1 and Y = ξ2;

2. if (X2 + Y2 > 1), reject and repeat from 1;

3. otherwise set � = tan−1 Y/X .

The cosine and the sine in terms of X and Y are

cos � = X

(X2 + Y2)
1
2

= ξ1

(ξ2
1 + ξ2

2)
1
2

, (3.79a)

sin φ = Y

(X2 + Y2)
1
2

= ξ2

(ξ2
1 + ξ2

2)
1
2

. (3.79b)

If φ is uniformly distributed on
(
0, π

2

)
, then 2φ is uniformly distributed on (0, π)

and a square root may be avoided by calculating

cos 2� = cos2 � − sin2 � = X2 − Y2

X2 + Y2
, (3.80a)

sin 2� = 2 sin � cos � = 2XY

X2 + Y2
. (3.80b)

In many calculations (e.g. in selecting direction in three dimensions), however,
the sin φ and cos φ are used in association with a square root. In these circum-
stances, there is no disadvantage in using Equation 3.79 since the square roots can
be combined.

df

x

y

1

1

Figure 3.13 Sampling for sin φ and cos φ.
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df

Figure 3.14 Sampling � uniformly over the unit circle.

If the angle φ is to be defined on (0, 2π), then Equation 3.80b becomes

sin 2� = ± 2XY

X2 + Y2
, (3.80c)

where a third random number, ξ3, is used to choose the sign. An alternative method
is to select � uniformly over the circle whose diameter is 1 as shown in Figure 3.14,
and set X = ξ1 − 1

2 and Y = ξ2 − 1
2 . The values of X and Y are accepted only if

X2 + Y2 < 1
4 , and Equations 3.79 and 3.80a follow as before.

3.5.3
Kahn’s Rejection Technique for a Gaussian

Another rejection technique, introduced by Kahn [1], is used to sample a Gaussian.
The function

φ′(x) = 1√
2π

exp
[
−1

2
x2

]
, 0 < x < ∞

cannot be bounded within a rectangle since its argument has infinite range. To
sample φ′(x), we must sample from a function defined on the same range. Suppose
x has the pdf αe−αx, 0 < x < ∞, and y has the pdf e−y, 0 < y < ∞; random
variables X and Y are chosen by

X = − 1

α
log ξ1,

Y = − log ξ2.

The value for X is kept if

Y > 1
2 (X − α)2;
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otherwise new values for X and Y are selected. The probability that X is accepted
(success) is

ε =
∫ ∞

(
1
2

)
(x−α)2

e−y dy (3.81)

and the joint probability that X < x and success becomes

P{X < x and success} =
∫ x

0
αe−αt

∫ ∞
(

1
2

)
(t−α)2

e−u du dt

=
∫ x

0
αe−αte

−
(

1
2

)
(t−α)2

dt

= αe
−

(
1
2

)
α2

∫ x

0
e
−

(
1
2

)
t2

dt. (3.82)

Therefore, the probability distribution function for an accepted X is proportional
to a Gaussian:

f (x) = e
−

(
1
2

)
x2

.

A sign to be associated with X would be chosen randomly so that the range is
(−∞, ∞). The proposed algorithm is correct for any positive α, but the efficiency
will vary with α:

ε = αe
−

(
1
2

)
α2

∫ ∞

0
e
−

(
1
2

)
x2

dx

=
√

π

2
αe

−
(

1
2

)
α2

.

The maximum efficiency occurs when α = 1. The Kahn rejection technique com-
pares favorably with the Box–Muller method (Equation 3.38) for sampling a
Gaussian.

3.5.4
Marsaglia et al. Method for Sampling a Gaussian

Marsaglia et al. [5] have developed composition methods that are particularly fast
and efficient using random access to store fairly large lookup tables. A pdf is written

f (x) =
n∑

i=1

bigi(x).

The gi(x) that is sampled the most frequently is chosen to involve a fast table
lookup. In the case of the Gaussian distribution,

f (x) = 0.9578g1(x) + 0.0395g2(x) + 0.0027g3(x).
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g1(x) and g2(x) are discrete pdf ’s that are stored in a table. g2(x) also involves a
rejection. g1(x) is sampled rapidly and provides X 95% of the time. g3(x) is used to
sample the tail of the Gaussian and involves a technique similar to that proposed by
Box–Muller. Though the rejection method is much slower than the table lookup, it
will occur only 0.27% of the time. Thus, overall, Marsaglia’s method will generate
Gaussian variables much more efficiently than a straight rejection technique.

3.6
Multivariate Distributions

Except for the bivariate normal distribution, which was introduced as a technical
device, our treatment of sampling has been devoted to random variables in one
dimension. Multivariate distributions are also important since Monte Carlo is at its
best in treating many-dimensional problems. One may use the ideas of marginal
and conditional distributions (Equation 2.31 and the discussion that follows) to
reduce multivariate to univariate sampling. As usual the point is most easily
discussed by an illustration, a pdf of a random variable in R3, x = (x, y, z):

f (x) = 1
8π

e−r , (3.83)

where r = √
x2 + y2 + z2. The volume element dV that is associated with f (x) is

dx dy dz. In polar coordinates, dV = r2 dr sin θ dθ dφ and

f (x) dx dy dz = 1

8π
e−rr2 drsinθ dθ dφ, (3.84)

where the polar coordinates are defined as

cos θ = z/r, tan φ = y/x.

Equation 3.84 can be written as the product of three pdf ’s,

f (x) dV = 1
2

r2e−r dr
sinθ dθ

2
dφ

2π
, (3.85)

and r, θ, and φ may be sampled independently. A random variable that will be
distributed as r2e−r can be sampled3) by

R = −
3∑

i=1

log ξi

= − log(ξ1 × ξ2 × ξ3).

The random variable � is distributed uniformly on (0, 2π), so

� = 2πξ5.

3) Note that generally the sum of n independent random variables each with pdf e−x is distributed as
xn−1e−x/(n − 1)!
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The probability distribution for θ can be rewritten as

sin θ dθ

2
= −d(cos θ)

2
.

Since cos θ is uniformly distributed on (−1, 1), it can be sampled by

cos � = 2ξ4 − 1. (3.86)

An alternative derivation of Equation 3.86 is arrived at by setting F(θ) equal to a
uniform random number:

1
2

∫ θ

0
sin θ dθ = cos θ

2
+ 1

2
= ξ.

If ξ is replaced by 1 − ξ4, then the last equation reduces to Equation 3.86. In many
applications, it will be X , Y , and Z that are required:

Z = R cos �,

X = R sin � cos �,

Y = R sin � sin �.

In this case, it will be more efficient to calculate cos � and sin � directly, as
described in Section 3.5.2. Also, since sin θ = (1 − cos2 θ)

1
2 , there will be no loss in

efficiency by using the von Neumann rejection technique, which contains square
roots (Equation 3.79).

Singular probability distribution functions are as easily sampled in many dimen-
sions as in one dimension. Let f (x) dV be the singular pdf

f (x) dV = 1
4π

1
r2

e−r dV

= 1

4π

1

r2
e−rr2 dr d(cos θ) dφ

= e−r dr
d(cos θ)

2

dφ

2π
.

The random variables cos � and � are sampled as described above and R can be
sampled by

R = − log ξ.

3.6.1
Sampling a Brownian Bridge

In a number of interesting applications (e.g. [6]), it becomes necessary to sample
a ‘‘Brownian bridge’’ or Brownian motion (see Section 5.2.4) ‘‘tied down,’’ which
may be defined as follows. For some integer M and real numbers τ and xi,
0 ≤ i ≤ M, let
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B(x0, x1, . . . , xM , τ) =
√

2πMτ e(xM−x0)2/(2Mτ)
M∏

i=1

e−(xi−1−xi)
2/(2τ)

√
2πτ

(3.87)

and∫
· · ·

∫
B(x0, x1, . . . , xM , τ) dx1 dx2 . . . dxM−1 = 1.

Suppose that x0 and xM are fixed and it is required to sample the variables
x1, x2, . . . , xM−1. To accomplish this, we compute a marginal distribution for
(say) xj, 0 < j < M, by integrating over x1, x2, . . . , xj−1, xj+1, . . . , xM−1. The iden-
tity

∫
e−(x−y)2/(2σ2

1)√
2π σ2

1

e−(y−z)2/(2σ2
2)√

2π σ2
2

dy = e−(x−z)2/(2(σ2
1+σ2

2))√
2π(σ2

1 + σ2
2)

may be used recursively to find
∫

· · ·
∫

B(x0, x1, . . . , xM, τ) dx1 dx2 . . . dxj−1 dxj+1 . . . dxM−1

=
√

2πMτ e(xM−x0)2/(2Mτ) e−(x0−xj)
2/(2jτ)

√
2πjτ

e−(xj−xM )2/(2(M−j)τ)

√
2π(M − j)τ

≡ e
−(xj−x)2/(2σ2

j )

√
2πσ2

j

, (3.88)

where

x = jxM + (M − j)x0

M
,

σ2
j = j(M − j)τ

M
.

Thus, the marginal distribution for xj given x0 and xM is a Gaussian or normal dis-
tribution, Equation 3.88, with mean x and variance σ2

j , and may be sampled in any of
the ways discussed previously in Sections 3.1 and 3.5. Then given xj and x0, one may
sample xk, 0 < k < j, using a Gaussian distribution with mean (kxj + (j − k)x0)/j
and variance k(j − k)τ/j. Similarly, given xj and xM one may sample x�, j < � < M,
from a Gaussian distribution with mean ((� − j)xM + (M − �)xj)/(M − j) and vari-
ance (� − j)(M − �)τ/(M − j).

One technique that is often used is to let M be 2n and use recursive bisection in
which j is first set to 2(n − 1) and the intervals are successively halved. As shown
above, this is not necessary; one can equally well use j = 1, k = 2, etc.

The generalization to more dimensions follows a similar approach. The variable
x becomes the mean of two vectors, and the xj is sampled from the appropriate
multivariate Gaussian distributions.
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3.7
The M(RT)2 Algorithm

The last sampling method we shall discuss is an advanced sampling technique first
described in a paper by Metropolis et al. [7] [M(RT)2].4) The method is related to
rejection techniques since it involves explicitly proposing a tentative value that may
be rejected and because the normalization of the sampled function is irrelevant,
we never need to know it.

The M(RT)2 algorithm is very simple and powerful; it can be used to sample
essentially any distribution function regardless of analytic complexity in any
number of dimensions. Complementary disadvantages are that sampling is correct
only asymptotically and that successive variables produced are correlated, often very
strongly. This means that the evaluation of integrals normally produces positive
correlations in the values of the integrand, with consequent increase in variance
for a fixed number of steps as compared with independent samples. Also the
method is not well suited to sampling distributions with parameters that change
frequently.

The usual description of the M(RT)2 method can be found in the papers by
Valleau and Whittington [8] and Valleau and Torrie [9], Wood and Erpenbeck [10],
and Allen and Tildesley [11]. Here we shall develop a somewhat more general
description.

The method was motivated by an analogy with the behavior of systems in
statistical mechanics that approach an equilibrium whose statistical properties are
independent of the kinetics of the system.

By system, we mean here simply a point x in a space � (typically in RM) that
may be thought of as a possible description of a physical problem. By kinetics, we
mean a stochastic transition that governs the evolution of the system: a probability
distribution function K(X |Y) that ensures the evolution of a system known to be at
Y will bring it near X next. K may be thought of as a model of the physical process
by which a system changes or as a mathematical abstraction. In a Monte Carlo
calculation, it plays the role of a sampling distribution.

As we shall discuss in detail, one condition for a system to evolve toward
equilibrium and stay there is, quite simply, that the system be on the average as
likely to move into a specific neighborhood of X from a neighborhood of Y as to
move exactly in the reverse direction. If the probability distribution for observing
the system near X in equilibrium is f (X ), then the kinetics must satisfy

K(X |Y)f (Y) = K(Y|X )f (X ). (3.89)

This relation is called detailed balance [12]. K(X |Y)f (Y) is the probability of moving
from Y to X expressed as the a priori chance of finding the system near Y (i.e. f (Y))
times the conditional probability [K(X |Y)] that it will move to X from Y .

In treating a physical system, one usually assumes that K(X |Y) is known, and
one has the task of finding f (X ). The M(RT)2 algorithm (as in much of Monte

4) In the literature, it is often referred to as the Metropolis algorithm.
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Carlo) reverses this: one has the task of finding a convenient and correct kinetics
that will equilibrate the system so that the given f (X ) turns out to be the chance of
observing the system near X .

This turns out to be extremely easy given the elegant device suggested by M(RT)2.

Transitions are proposed from, say, Y to X ′ using essentially any distribution T(X ′|Y).
Then on comparing f (X ′) with f (Y) and taking into account T as well, the system
is either moved to X ′ (move ‘‘accepted’’) or returned to Y (move ‘‘rejected’’).
Acceptance of the move occurs with probability A(X ′|Y), which must be calculated
so as to satisfy detailed balance.

We then have

K(X |Y) = A(X |Y)T(X |Y). (3.90)

Detailed balance requires

A(X |Y)T(X |Y)f (Y) = A(Y|X )T(Y|X )f (X ). (3.91)

We expect that the ratio

T(Y|X ) f (X )
T(X |Y) f (Y)

will play a significant role in determining A.
Given a pdf f (X ), where X is a many-dimensional vector, the M(RT)2 technique

establishes a random walk whose steps are designed so that when repeated again
and again, the asymptotic distribution of X ′s is f (X ). Suppose that X1, X2, X3, . . . , Xn

are the steps in a random walk. Each of the X ′s is a random variable and has
an associated probability φ1(X ), φ2(X ), φ3(X ), . . . , φn(X ), where φ1(X ) can be any
distribution for X . The φn(X ) have the property that asymptotically

lim
n→∞ φn(X ) = f (X ).

At each step, in the random walk, there is a transition distribution T(X |Y), that is,
the probability distribution function for a trial move to X from Y . The T(X |Y) is
normalized such that∫

T(X |Y) dX = 1

for all values of Y . A quantity q(X |Y) is defined as

q(X |Y) = T(Y|X )f (X )
T(X |Y)f (Y)

≥ 0, (3.92)

where we explicitly assume that it is possible to move from X to Y if one can move
from Y to X and vice versa. From q(X |Y), the probability of accepting a move can
be calculated; one frequently used possibility is

A(X |Y) = min(1, q(X |Y)). (3.93)
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The algorithm can now be described concretely. At step n of the random walk, the
value of X is Xn; a possible next value for X , X ′

n+1, is sampled from T(X ′
n+1|Xn), and

the probability of accepting X ′
n+1 is computed. If q(X ′

n+1|Xn) > 1 then A(X ′
n+1|Xn) =

1; if q(X ′
n+1|Xn) < 1, then A(X ′

n+1|Xn) = q(X ′
n+1|Xn), where

q(X ′
n+1|Xn) = T(Xn|X ′

n+1)f (X ′
n+1)

T(X ′
n+1|Xn)f (Xn)

.

With probability A(X ′
n+1|Xn), we set Xn+1 = X ′

n+1; Otherwise, we set Xn+1 = Xn. That
is, if A(X ′

n+1|Xn) > ξ, then Xn+1 = X ′
n+1; otherwise, Xn+l = Xn. For q(X ′

n+1|Xn) > 1,
Xn+1 will always equal X ′

n+1. This procedure contains an element of rejection;
however, if an X ′

n+1 is not accepted, we use the previous value rather than sample
a new value.

As the random walk proceeds, a recursive relationship develops between succeed-
ing φn(X )′s. Let φn(X ) be the distribution of values of Xn; what is the distribution
φn+1 for the values of Xn+1? There are two contributions to the distribution of the
Xn+1: the probability of entering into the vicinity dX of X when we successfully
move from Xn and the probability that once we are at X , we will stay at X . If we
start out at some value Y contained in dY , the probability of moving from the
neighborhood of Y to the neighborhood of X is T(X |Y)φn(Y) dY . The probability of
successfully moving from Y to X is A(X |Y)T(X |Y)φn(Y) dY , so the net probability
of successfully moving from any point Y to a neighborhood of X becomes

∫
A(X |Y)T(X |Y)φn(Y) dY . (3.94)

In a similar manner, the net probability that a move away from X is not accepted is
∫

(1 − A(Y|X ))T(Y|X ) dY , (3.95)

where T(Y|X ) is the probability of moving from X to Y and [1 − A(Y|X )] is the
probability that the move was not accepted. Upon multiplying Equation 3.95 by
φn(X ), the probability that we were at X , the relationship for φn+1(X ) becomes

φn+1(X ) =
∫

A(X |Y)T(X |Y)φn(Y) dY

+ φn(X )
∫

[1 − A(Y|X )]T(Y|X ) dY . (3.96)

The random walk generates a recursion relationship for the distribution functions.
Earlier, we asserted that the asymptotic distribution sampled in the random walk

would be f (X ). According to a theorem in Feller [13], if a random walk defines a
system that is ergodic, then an asymptotic pdf exists and is unique if

φn(X ) = f (X ) ⇒ φn+1(X ) = f (X ), (3.97)

that is, if f (X ) is a stationary point of the recursion. Systems defined by random walks
can be partitioned into several categories. If, in a random walk, the probability of



3.7 The M(RT)2 Algorithm 67

returning to a neighborhood about X is 0, then the system is called a null system and
the expected recurrence time is infinite. An example would be a one-dimensional
system where Xn+1 is constrained to be greater than Xn. A system where the random
walk will return to the neighborhood of X every T steps is called periodic. An ergodic
system is one in which the random walk may return to the neighborhood of X , but
does not do so periodically; it is neither null nor periodic.

The system generated by the M(RT)2 sampling method is ergodic, but the proof
will be omitted [14]. The system obeys detailed balance, which guarantees that, if
we can move from X to Y , we can move from Y to X and the expected number of
moves is the same in each direction when the asymptotic behavior is reached:

A(X |Y)T(X |Y)f (Y) = A(Y|X )T(Y|X )f (X ). (3.98)

The left-hand side is the net number of moves from Y to X and the right-hand
side is the net number of moves from X to Y . Equation 3.98 is easily proved
by using q(X |Y)q(Y|X ) = 1, which follows from the definition of q(X |Y). Suppose
that q(X |Y) > 1; then A(X |Y) = 1. A(Y|X ) = q(Y|X ) since q(Y|X ) < 1. Substituting
these into Equation 3.98, we derive

T(X |Y)f (Y) = q(Y|X )T(Y|X )f (X )

= T(X |Y)f (Y)

T(Y|X )f (X )
T(Y|X )f (X ).

The same answer would have resulted if we had chosen q(Y|X ) > 1, so the algorithm
developed in Equations 3.92 and 3.93 satisfies detailed balance.

If we set φn(X ) = f (X ) in Equation 3.96, the resulting equation is

φn+1(X ) = ∫
A(X |Y)T(X |Y)f (Y) dY + ∫

[1 − A(Y|X )]T(Y|X )f (X ) dY .

The first integral cancels the negative portion of the second integral by detailed
balance, and we are left with

φn+1(X ) =
∫

T(Y|X )f (X ) dY

= f (X )

since
∫

T(Y|X ) dY = 1. Therefore, f (X ) is guaranteed to be the asymptotic distri-
bution of the random walk.

The form for the probability of accepting a move is not limited to that given in
Equation 3.93. Another relation that has been used is

A′(X |Y) = q(X |Y)

1 + q(X |Y)

and

A′(Y|X ) = q(Y|X )

1 + q(Y|X )
= 1

q(X |Y) + 1
. (3.99)
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A random walk whose probability of accepting a move is governed by Equation 3.99
also exhibits detailed balance:

A′(X |Y)T(X |Y)f (Y) = A′(Y|X )T(Y|X )f (X ).

Upon substituting Equation 3.99 for A′ on both sides of the equation we find

q(X |Y)

1 + q(X |Y)
T(X |Y)f (Y) = 1

1 + q(X |Y)
T(Y|X )f (X ), (3.100)

which reduces to

T(Y|X )f (X )

T(X |Y)f (Y)
T(X |Y)f (Y) = T(Y|X )f (X ).

Either form for A(X |Y), Equation 3.93 or 3.99, may be used in the M(RT)2 method.
The former has been shown to give more rapid convergence in certain cases [8].

In much of the literature of statistical physics, when a Monte Carlo calculation is
mentioned what is meant is an application of the method of Metropolis et al. The
great utility of the M(RT)2 method is that it enables us to sample very complicated
many-dimensional probability distribution functions in a simple, straightforward
way. Unfortunately, the method does have major drawbacks of which the user must
be aware. We are guaranteed to sample f (X ), but only asymptotically; therefore, we
must throw away L steps of the random walk until the steps are being sampled
from f (X ). Furthermore, L is very difficult to estimate in advance. Normally,
substantial trial and error is used to estimate an appropriate value. The number
of steps discarded may be minimized by selecting a φ1(X ) that is as close an
approximation to f (X ) as possible. In addition, by making T(X |Y) approximate
f (X ), rapid convergence and small correlation are obtained. Note that were it
possible to sample T(X |Y) = f (X ) exactly, then (cf. Equations 3.92 and 3.93) all
moves are accepted and the samples are independent. In that case, of course, one
would not resort to the M(RT)2 random walk, but it is clear that approximations to
this limiting case may be fruitful.

In a Monte Carlo calculation, we are often trying to evaluate quantities of the
form

G =
∫

g(X )f (X ) dX∫
f (X ) dX

.

For example, if we are trying to simulate the equilibrium properties of a many-body
system, G might be the energy or the radial distribution function (the probability that
pairs of particles are found at varying separations). In practice, for each quantity of
interest, a different number of steps in the random walk may have to be discarded
since the asymptotic limit of the system is reached at varying rates. The averaging
over the steps in the random walk begins only after the L steps have been thrown
away, that is,

G =
∫

g(X )f (X ) dX

f (X ) dX
=

L+N−1∑
n=L

g(Xn)

N
.
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Figure 3.15 Behavior of 〈G〉 with length of the M(RT)2 random walk.

The successive X ′s in the random walk are not independent and in most circum-
stances there is positive correlation. The variance of the calculated G will then be
larger than if the steps were independent.

The number of steps to be discarded before averaging must be determined
experimentally. One way is to average some property of the system, G, over (say)
every 100 steps and observe the behavior of G with increasing walk length. An
illustration of the behavior of G is shown in Figure 3.15. A decision is then made
about where in the random walk the value of G has converged; further variation is
just the normal wandering that occurs in a random walk. All contributions prior
to this point are discarded, and an average for G is extracted from the remaining
steps. Careless observation of the attainment of the asymptotic distribution in the
M(RT)2 method has led to some bad Monte Carlo calculation in the past.

The usage of the M(RT)2 method can be illustrated by some trivial examples.
Almost without exception in applications, the transition distribution T(X |Y) is
assumed to be constant over a domain in X . Consider the one-dimensional pdf
shown in Figure 3.16, defined on (0, 1). A possible algorithm is to sample an x
uniformly in a domain centered on Y and define the transition probability as

Figure 3.16 Monotonically decreasing pdf.
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T(X |Y) =




1

∆
if |X − Y| <

∆

2

0 otherwise,

where ∆ is the width of the domain about Y. For this choice of T(X |Y), q(X |Y)
becomes

q(X |Y) = T(Y|X )f (X )
T(X |Y)f (Y)

= (1/∆)f (X )
(1/∆)f (Y)

= f (X )
f (Y)

. (3.101)

(Note that this is the usual method for continuous distribution f .) In this example
detailed balance requires that if an interval about Y contains X , the corresponding
interval about X must contain Y . For values of Y not in the vicinity of the origin,
moves to the left will always be accepted, whereas moves to the right will be accepted
with probability q(X |Y) = f (X )/f (Y). When Y is in the vicinity of the origin, all
moves to the left tend to be rejected since f (X ) = 0 when x < 0.

An equally good algorithm for the same example would be to choose

T(X |Y) =
{

1, X ∈ (0, 1)
0, X 	∈ (0, 1).

This corresponds to a uniform random sampling of X in (0, 1).
The details of the M(RT)2 method can fully be worked out for a one-dimensional

example in which f (X ) is 2X on (0, 1) and is 0 elsewhere. We can choose the
transition distribution to be

T(X |Y) =
{

1, X ∈ (0, 1)
0, elsewhere

and q(X |Y) becomes, from Equation 3.92,

q(K|Y) =




T(Y|X )f (X )
T(X |Y)f (Y)

= X

Y
, X ∈ (0, 1)

0, elsewhere.

q(X |Y) < 1 implies that f (X ) < f (Y) and X < Y . This occurs for a move to
the left, which will then be accepted with probability X/Y . When q(X |Y) > 1,
f (X ) > f (Y) and a move to the right occurs. Such a move is always accepted
in this example. The distribution of X ′s at the (n + 1)th step will be, from
Equation 3.96,

φn+1(X ) =
∫ 1

X

X

Y
φn(Y) dY +

∫ X

0
φn(Y) dY + φn(X )

∫ X

0

(
1 − Y

X

)
dY . (3.102)

The first integral corresponds to the contribution from g(X |Y) < 1; the second
contains the contributions when q(X |Y) > 1 (for which the probability of ac-
cepting the move is 1); and the third is the contribution from rejected steps.
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Normalization is preserved in Equation 3.102. That is, if φn(X ) is normal-
ized, φn+1(X ) will be too. If at some value of n, φn is linear and homoge-
neous, φn(X ) = cX , then φn+1(X ) = cX . This is true because Equation 3.102
is homogeneous and because putting φn(X ) = 2X must and does generate
φn+1(X ) = 2X .

Let us assume that at the nth step the distribution of X ′s is

φn(X ) = anX + cnXn+2 (3.103)

and

φ0(X ) = 3X2.

Equation 3.103 is substituted into Equation 3.102; the linear term anX will carry
through to give a contribution of anX to φn+1(X ). Applying the right-hand side of
Equation 3.102 to cnXn+2, we get

cnX
∫ 1

X

Yn+2

Y
dY + cn

∫ X

0
Yn+2dY + cnXn+2

∫ X

0

(
1 − Y

X

)
dY

= cn
X

n + 2
(1 − Xn+2) + cn

n + 3
Xn+3 + cn

2
Xn+3,

which contains terms of both X and Xn+3. The form of φn+1(X ) becomes

φn+1(X ) =
(

an + cn

n + 2

)
X + cn

[
1

2
− 1

(n + 2)(n + 3)

]
Xn+3, (3.104)

so asymptotically cn will decrease as 2−n, and we can rewrite φn+1(X ):

φn+1(X ) ∼= an+1X + c

2n
Xn+3.

The distributions of X exhibit explicit convergence; as n increases, the second
term,

(
c

2n

)
Xn+3, will contribute only values of X near 1 (see Figure 3.17). The

normalization of the φn(X ) gives the form of an+1 as

an+1 ∼= 2 − c

(n + 4)2n
,

which asymptotically approaches 2.
We have set φ0(X ) = 3X2, so a0 = 0 and c0 = 3. For n + 1 = 1, Equation 3.104

yields

φ1(X ) = 3
2 X + X3

or that a1 = 3
2 and c1 = 1. Another iteration of Equation 3.104 gives

φ2(X ) = 11
6 X + 5

12 X4,

where a2 = 11
6 and c2 = 5

12 ; with only two steps an is easily seen to be approaching
2 and cn is decreasing as approximately 2−n.

The fact that at the nth stage φn(X ) differs from anX by a function like Xn+2

shows that the error in integrating
∫

φn(X )g(X ) dX/
∫

φndX instead of
∫

2Xg(X ) dX
will depend on g(X ). This is a special case of the remark made earlier that the
number of steps to be discarded may depend on the properties of a system being
computed.
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Figure 3.17 Behavior of φn(X) as n increases.

3.8
Application of M(RT)2

As we have seen, when a pdf f (x) must be sampled, M(RT)2 gives a prescription
for defining a random walk X0, X1, . . . for which the asymptotic distribution is
guaranteed to be f (X ). These points Xi may be used to evaluate some integral by
setting

∫
g(X )f (X ) dX ∼= 1

M

M∑
i=1

g(Xi).

Because f (X ) is sampled only asymptotically, the estimate of the integral is biased
by an amount that can be made smaller by discarding more and more Xi at
the beginning of the walk and by extending the walk to larger M. As we have
indicated, the question of how many must be discarded can be answered only
in the context of a specific problem. Nevertheless, it is necessary to give careful
attention to this problem. It is this difficulty that makes M(RT)2 unsuitable for
applications in which only a few variables are sampled from a specific f (X ) with
fixed parameters.

In the most usual applications, T(X |Y) is taken to be uniform over a small
domain (e.g. a square or cube of side s) in the space of X or in a subspace thereof.
Let us consider a highly simplified model of atoms moving on the surface of
something. Imagine a two-dimensional square box of side L that contains a large
number (102 − 104) of disks (Figure 3.18). Each disk is located by the coordinates
of its center and has an effective diameter a. If there are M disks, then we have
2M position coordinates, and a configuration of the system can be indicated by the
vector

X = (x1, y1, x2, y2, . . . , xm, ym).
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Figure 3.18 Hard disks in a box.

The pdf describing the system, f (X ), is a constant except when xk < 0, xk > L, or
(xl − xk)2 + (yl − yk)2 < a2 for any l and k. If any one of these conditions happens,
f (X ) = 0. These restrictions prevent the disks from moving outside the box and
from overlapping each other.

Given the two-dimensional system detailed above, what is the probability that
two disks will be a distance r apart? We can answer this problem by using the
M(RT)2 method to generate many configurations, X , and measure the frequency
of occurrence of r. The problem would be difficult to analyze by any method other
than M(RT)2. A scheme for analyzing the problem in this way is to start with the
disks on a lattice in the box so as to guarantee no overlap at the start. A disk
is chosen randomly to be moved; the transition probability for moving from one
configuration to another (the configurations differ by moving one disk) is

T(X |Y ) =
∑

l

flt(xl, yl|x′
l , y′

l),

where

fl = 1/M

and t(xl, yl|x′
l , y′

l) is the transition distribution for moving uniformly in the little
square. It is simply a constant, 1/∆2 where ∆ is the side of the little square as

in Figure 3.18. Thus, T is a constant and the ratio T(Y |X )
T(X |Y )

that appears in the

acceptance probability is exactly 1. Once xl and yl have been calculated, the ratio
f (X )
f (Y )

is evaluated. If the step has moved a disk outside the box or some disks are

overlapping, then f (X ) = 0 and the move is rejected; otherwise, f (X )
f (Y )

= 1 and the

move is accepted. The process is repeated many times to generate many different
configurations, and a frequency function for r is tabulated. The moves that occur
do not describe physical motion of the disks since the ‘‘kinetics’’ introduced is
completely artificial.

Some care must be exerted in the selection of the size of the little box surrounding
a disk. In the limit that the individual box is the size of the whole domain (the big
box), it will be unlikely to find an empty space in which to move a disk. Almost
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all the moves will be rejected, so the random walk will be composed of the same
configurations repeated many times. In this case, the sequential correlation from
step to step is very close to one and the random walk provides very little new
information at each step.

At the other extreme is a box too small. The move of the disk is always
accepted, but the configuration changes very slowly. Again, there is high se-
quential correlation with little new information emerging as the particles are
moved.

The ‘‘lore’’ for using the M(RT)2 method recommends that the average acceptance
probability should be approximately 50% to avoid both extremes described above.
That is, the box size should be chosen such that 50% of the moves within it are
accepted. A criterion for choosing the box size that has better justification but
is harder to apply is to make moves within a box so that the variance in the
desired result is minimized for given computing time. In this case, the variance
is minimized by reducing the sequential correlation between steps. Sequential
correlation decreases as the mean-square displacement increases. The mean-
square displacement in one step is proportional to pA∆2. A simple usable criterion
is to maximize this quantity where pA is the average probability of acceptance.
An acceptable value for ∆ can be established by several trial runs in which ∆ is
changed and the variation in 〈r2〉 and pA observed. The value of ∆ that produces
the maximum 〈r2〉 is then used in the actual calculation. This criterion has proved
useful in practical cases. More generally, one should take account of the computer
time used in the computation of f (X ).

3.9
Testing Sampling Methods

It is important to test that an algorithm indeed samples f (x). Several methods
to check the algorithm can be used. For few-dimensional distributions one may
generate random variables and sort into bins within the range of the random
variable. A frequency function is yielded by this method, and elementary statistical
tests may be applied to it, for example, the number of times the observed frequency
function is higher or lower than the expected value. A chi-squared test is appropriate.
A third way of checking an algorithm is to use the algorithm to evaluate an
elementary integral whose value is known,

∫
g(x)f (x) dx, and decide whether the

value agrees within statistics with the correct value. Moments, in which gn = xn,
are especially useful.

Consider the algorithm proposed by Wiener to sample two independent Gaus-
sian random variables given in Equation 3.38. A subroutine is easily written to
generate the random variables; we test this code by sampling from it many times
and binning the result. After 5000 random samples, our frequency function for
φ(x|0, 1) appears as the bar graph5) shown in Figure 3.19. The solid line rep-
resents the analytic values of Equation 3.36. A combination of such tests along

5) As with random sampling experiment, the details of the structure of this bar graph depend on the
sequence of pseudorandom numbers used. A different sequence will give a different graph.
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Figure 3.19 Frequency function after 1000 random samples of φ(x|0, 1}.

with analysis of the hypothesis that the population is drawn from f (x) is often
warranted.

Such tests, if carefully carried out, constitute useful confirmations of the quality
of the pseudorandom number sequences as well as of the sampling method under
study.

The combination of logical complexity and statistical fluctuation means that
Monte Carlo programs may require care in testing. Proper modular design
of such programs is essential, and sampling routines constitute appropriate
modules. The sampling routines should be thoroughly tested with specially de-
signed ‘‘drivers,’’ which evaluate the performance of the routines over a range
of expected parameters. The final Monte Carlo code should be assembled
from well-tested modules. Completion and analysis of a significant compu-
tation is not the ideal stage at which to uncover a ‘‘bug’’ in a sampling
routine.
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4
Monte Carlo Evaluation of Finite-Dimensional Integrals

In this chapter, we explore the ideas that underlie Monte Carlo quadrature
somewhat more systematically. If an integral having the form

G =
∫

�0

g(x)f (x) dx, (4.1)

where

f (x) ≥ 0,
∫

�0

f (x) dx = 1, (4.2)

must be evaluated, then the following game of chance may be used to make numerical
estimates. We draw a set of variables X1, X2, . . . , XN from f (x) (i.e. we ‘‘sample’’ the
probability distribution function f (x) in the sense defined in Chapter 3) and form
the arithmetic mean

GN = 1

N

∑
i

g(Xi). (4.3)

The quantity GN is an estimator for G and the fundamental theorem of Monte
Carlo guarantees that

〈GN〉 = G

if the integral (Equation 4.1) exists. Since GN estimates G, we can write

GN = G + error.

If the variance exists, the error appearing in the last statement is a random variable
whose mean is 0 and whose width is characterized for large N by

|error| = ε ∼= σ1

N
1
2

,

where

σ2
1 =

∫
g2(x)f (x) dx − G2. (4.4)

The error estimate may be inverted to show the number of samples needed to yield
a desired error, ε:

Monte Carlo Methods. Second Edition. M.H. Kalos and P.A. Whitlock
Copyright  2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40760-6
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N ∼= σ2
1

ε2
. (4.5)

The integral to be evaluated need not explicitly contain a function f (x) satisfying
the properties expressed by Equation 4.2. One can simply use f (x) = 1/�0 and
g(x) = �0× integrand instead. Later (cf. Equation 4.10 et seq.), we shall discuss
more general ways of introducing a distribution function.

The integral in Equation 4.1 could also be evaluated by numerical quadrature.
Let us assume that the domain of integration is an n-dimensional unit hypercube;
then a numerical integration procedure can be written:

G ∼=
∑

wig(Xi)f (Xi),

where Xi is a lattice of points that fills the unit hypercube and wi is a series of
quadrature weights. The error associated with this quadrature is bounded by

ε ≤ chk, (4.6)

where h measures the size of the interval separating the individual Xi. The constants
c and k depend on the actual numerical integration method used, and k normally
increases with more accurate rules. The bound on the error in Equation 4.6 is not a
statistical variable, but is an absolute number. The actual error, however, is usually
predictable to some degree.

If we assume that the time necessary for a computation, Tc will be proportional
to the total number of points used, then

Tc ∝ N = N0

(
1

h

)n

, (4.7)

where N0 is a constant of the order of 1 and n is the number of dimensions.
Equation 4.6 can be rewritten as

h ≥
( ε

c

) 1
k

,

and Equation 4.7 becomes

Tc ∝ N0

( c

ε

) n
k

= t0ε
−n
k . (4.8)

The greater the accuracy demanded in a calculation, the greater the computational
time will be.

In a Monte Carlo calculation, the total computation time is the product of the
time t2 for an individual sampling of times the total number of points;

Tc = t1N.
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From Equation 4.5, this may be rewritten as

Tc = t1σ
2
1

ε2
= t′1

ε2
;

the exponent of ε is the same in any number of dimensions. For large n, it is difficult
to find a k in Equations 4.6 and 4.8 such that n/k < 2, so asymptotically, as n → ∞,
a Monte Carlo calculation is more advantageous than a numerical integration of
Equation 4.1. The Monte Carlo calculation will take less total time for the same
value of ε. This assumes that the two error estimates can be directly compared.

In spite of the apparently slow convergence (∼= N−1/2) of the error of Monte
Carlo quadrature, it is in fact more efficient computationally than finite difference
methods in dimensions higher than 6–10.

Two different Monte Carlo evaluations of an integral can have differing variances.
The quantity

Q1 = t1σ
2
1 (4.9)

is a measure of the quality (efficiency) of a Monte Carlo calculation. The decision
on which Monte Carlo algorithm to use in a large computation can be based on
the values of Q1 extracted from some trial calculations. A common phenomenon
is for t to increase as σ decreases through a more elaborate Monte Carlo algorithm.
The question is then whether the decrease in σ2 will more than compensate for the
increase in time. It will, if Q decreases.

Three major classes of techniques are used to reduce the variance in Monte Carlo
quadrature:

1. Importance sampling can be introduced into the calculation to increase
the likelihood of sampling variables where the function is large or rapidly
varying.

2. The expected value of a random variable can be used rather than the variable
itself. This substitution never increases variance and, many times, will
substantially reduce it.

3. Correlations between succeeding samples may be exploited to advantage.
In control variates, an easily evaluated approximation to the integrand is
used to reduce the variance. If successive random variables are negatively
correlated, the variance will be smaller than if they were independent. The
technique called antithetic variates exploits the reduction in variance that
results when negatively correlated samples are deliberately produced and
grouped together.

4.1
Importance Sampling

Suppose we have an n-dimensional integral

G =
∫

g(x)f (x) dx
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that we wish to evaluate. The function f (x) is not necessarily the best pdf to use in
the Monte Carlo calculation even though it appears in the integrand. A different
pdf, f̃ (x), can be introduced into the integral as follows:

G =
∫ [

g(x)f (x)

f̃ (x)

]
f̃ (x) dx, (4.10)

where

f̃ (x) ≥ 0,
∫

f̃ (x) dx = 1, (4.11)

and g(x)f (x)/f̃ (x) < ∞ except perhaps on a countable set of points. The variance
of G when f̃ (x) is used becomes

var{G}f̃ =
∫ [

g2(x)f 2(x)

f̃ 2(x)

]
f̃ (x) dx − G2. (4.12)

G2 being fixed, we want the f̃ (x) that will minimize the quantity
∫

[g2(x)f 2(x)/f̃ (x)] dx.
Of course, the integral is minimized by choosing f̃ (x) as large as we like, but we
have the additional constraint expressed by Equation 4.11. The function f̃ (x) that
satisfies the criteria given above may be deduced by using a Lagrange multiplier λ.
In this method, we wish to find f̃ (x) such that

L{f̃ } =
[∫

g2(x)f 2(x)

f̃ (x)
dx + λ

∫
f̃ (x) dx

]
(4.13)

is minimized. We consider small variations of f̃ (x) on the quantity in brackets and
set the variation of the quantity in brackets equal to zero

δ

δf̃
[· · ·] = 0.

Performing the functional differentiation yields

− g2(x)f 2(x)

f̃ 2(x)
+ λ = 0 (4.14)

or

f̃ = λ|g(x)f (x)|. (4.15)

If the function g(x)f (x) varied with x as the solid line in Figure 4.1, then f̃ (x) would
be proportional to the dotted line. The value of λ may be found by requiring that∫

f̃ (x) dx = 1. If g(x) ≥ 0, then f̃ (x) = λg(x)f (x) and λ = 1/G, so

f̃ (x) = g(x)f (x)

G
. (4.16)
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Figure 4.1 A function g(X)f (X) and a possible f̃ .

A Monte Carlo algorithm to evaluate the integral would be to sample a series of Xi

from f̃ (x) and construct the sum

G̃N = 1

N

N∑
i=1

g(Xi)f (Xi)

f̃ (Xi)
= 1

N

N∑
i=1

g(Xi)f (Xi)

g(Xi)f (Xi)/G

= 1

N

N∑
i=1

G = G.

If we already know the correct answer G, the Monte Carlo calculation will certainly
give it back with zero variance! This clearly corresponds to the minimum variance
calculation. Although we cannot in practice use the f̃ (x) prescribed by Equation
4.16, we expect that ‘‘similar’’ functions will reduce the variance. What is meant
will be explored in some examples. One important criterion is that g(Xi)f (Xi)/f̃ (Xi)
be bounded from above.

As the first example, consider the integral

G =
∫ 1

0
cos

(πx

2

)
dx.

A straightforward Monte Carlo algorithm would be to sample Xi uniformly on
(0, 1), (f1(x) = 1), and to sum the quantity

g1(x) = cos
(πx

2

)
.

The variance of the population for a single sample of x may be analytically evaluated
(Equation 4.4) and is

var{g1} = 0.0947 . . . .

By expanding cos(πx/2) in a power series, a better choice for the importance
function may be found,

cos
(πx

2

)
= 1 − π2x2

8
+ π4x4

244!
− · · ·
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and we can let

f̃ (x) = 3
2

(
1 − x2) .

This pdf looks like the integrand for small values of x.1) The estimator for G is now

g̃ = g1

f̃
= 2

3

cos
(

πx
2

)
1 − x2

and the variance associated with a single sample is

var{g̃} = 0.000990.

With this choice of importance function, the variance decreased by a factor of 100.

As another example, consider the integral
∫ 1

0

√
1 − x2 dx = π

4
;

again the straightforward Monte Carlo method would be to sample x uniformly on
(0, 1) and form the estimator

g1 =
√

1 − x2.

The variance associated with this procedure is

var{g1} = 0.050.

To improve the calculation, the integrand can be expanded in a power series about
its maximum:

g = 1 − 1
2

x2 + · · · ,

from which we infer that a reasonable importance function might be

f̃ (x) = 1 − βx2

1 − 1
3β

. (4.17)

The value of β may be chosen to give the minimum variance. With the choice of
f̃ (x) given above, g̃ becomes

g̃ = g1

f̃
=

(
1 − 1

3
β

) √
1 − x2

(1 − βx2)

and its variance is

var{g̃} =
(

1 − 1

3
β

) [
1

β
− (1 − β)

β
√

β
tanh−1

√
β

]
−

(π

4

)2
.

1) It can be sampled by generating ξ1 and ξ2. If ξ2 ≤ ξ1(3 − ξ1)/2, set x = 1 − ξ1; otherwise set
x = 1

2 ((9 − 8ξ2)1/2 − 1).
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Numerically minimizing the variance with respect to β gives var{g̃} = 0.0029 when
β = 0.74. If we chose β to be 1

2 as implied by the power series, the minimum variance
is not achieved (var{g̃} = 0.011), but is still substantially lower than the variance
associated with straightforward Monte Carlo. Very simple importance sampling
schemes and ad hoc choices of parameters can lower the variance dramatically.

An experimental method of obtaining a parameter like β in an importance func-
tion is to try the Monte Carlo calculation with different values of β and estimate the
value that minimizes the variance of g̃. The optimal value for β is not located pre-
cisely by this process because the fluctuations mask the trend, but we can hope that
the variance of the Monte Carlo calculation is approximately constant in a neighbor-
hood of the optimal β. A sample search for a good value of β is shown in Figure 4.2.

In a global sense, we want an importance function that matches the general
behavior of the integrand at its maximum, but is also similar over the whole range
of integration. In Figure 4.3, g is the integrand we wish to approximate. f̃1 is an
importance function derived from a Taylor series expansion; it is always greater
than g. The function f̃2 is a better importance function because it describes g better
over the entire range of integration. In the previous example, the parameter β in
Equation 4.17 could be chosen by letting

Figure 4.2 Finding the value of β that minimizes var{g̃} graphically.

Figure 4.3 A function g and two possible importance functions f̃1 and f̃2.
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1 − βx2 =
√

1 − x2,

when
√

1 − x2 = 1
2 . The value of β = 2

3 and the resulting variance of g is 0.0039,
which is not much larger than the minimum variance. Therefore, it is not always
necessary to calculate the variance as a function of β to select a β that substantially
reduces the variance. Simple arguments of a dimensional type can locate the
optimal β.

Singular Integrals

When the integrand g(x)f (x) of an integral is singular, var{g(x)} may not exist. In
this case, we can always choose f̃ (x) such that the ratio g(x)f (x)/f̃ (x) is bounded. We
assume here that g(x) and f (x) are known analytical functions whose singularities
are easily identified. Consider the integral

∫
dx

x
1
2

;

the straightforward Monte Carlo calculation would be to sample x uniformly on
(0, 1) with the estimator g1 = 1/x1/2. The variance contains 〈g2〉, which is

〈g2〉 =
∫ 1

0

dx

x
= ∞,

so that the variance for this calculation does not exist. As an alternative, we can try

f̃ (x) = (1 − u)x−u,

where u < 1. The estimator for G is now

g̃ = xu− 1
2

1 − u
,

and the nth moment of g̃ is

〈g̃n〉 = (1 − u)−n+1
∫ 1

0
xnu− n

2 x−u dx.

For the integrals to exist,

(n − 1)u − n

2
> −1,

and, in particular, all moments will exist if 1 > u ≥ 1
2 . Of course, the optimal u is

u = 1
2 .

As a second example, suppose we wish to evaluate
∫ 1

0

dx

[x(1 − x)]
1
2

;

again, a straightforward Monte Carlo calculation will have an infinite variance. To
eliminate this, we shall introduce an f̃ (x) that has singularities both at 0 and at 1:
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f̃ (x) = 1

4
√

x
+ 1

4
√

1 − x
.

The method for sampling f̃ (x) was described in Section 3.4.4. The estimator g̃(x)
becomes

g̃(x) =

4√
x(1 − x)

1√
x

+ 1√
(1 − x)

= 4√
x + √

(1 − x)
.

g̃(x) is bounded by 4 from above and is greater than 4/
√

2 (Figure 4.4). The variance
associated with g̃(x) is easily bounded:

var{g̃} =
∫

f̃ (x)(g̃ − G)2 dx <

(
4 − 4√

2

)2

= 1.37,

and we have eliminated the infinite variance.
The strategy needed to develop an importance function is to identify the singu-

larities, i.e.

g(x) ∼=
{

x
−1
2 near x = 0

(1 − x)
−1
2 near x = 1,

and simply take a sum of the singularities as the importance function. From the
composition method (Section 3.4), we know we can sample the sum. It is not really
necessary to discuss exotic central limit theorems in Monte Carlo calculations,
since we can always eliminate infinite variances through importance sampling.

As a last example, we shall evaluate a singular integral of some practical interest.
Let X and X0 be three-dimensional vectors contained in the volume V and S(X) a
function bounded away from zero and infinity, 0 < S0 ≤ S(X) < S1 < ∞. Consider
the integral

〈S〉 =
∫

V

S(X) exp(−µ|X − X0|)
|X − X0|2 dX, (4.18)

Figure 4.4 The estimator g̃(x) as a function of x.
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where∫
V

S(X) dX = 1.

Physically, this integral occurs in the neutral radiation transport problem with
source S(X), attenuation with coefficient µ, and an infinitesimal detector at X0. The
‘‘natural’’ way to evaluate Equation 4.18 is to sample X from S(X) and sum the
quantity

g(X) = exp(−µ|X − X0|)
|X − X0|2 . (4.19)

We make a change of the coordinates by letting X − X0 = r. dX = dr since X0 is
fixed. The integral then becomes

〈S〉 =
∫

V
S(r + X0)

exp(−µr)

r2
dr. (4.20)

The variance associated with the estimator of the integral in Equation 4.19 will
contain the quantity

〈g2〉 =
∫

V
S(r + X0)

exp(−µr)

r4
dr;

we may bound 〈g2〉 by invoking the integral theorem of the mean. Since S(X) is
bounded away from 0,

〈g2〉 ≥ S0

∫
V

exp(−2µr)

r4
dr;

this is less than the integral over the largest sphere wholly contained in V

〈g2〉 ≥ 4πS0

∫
exp(−2µr)

r4
r2 dr, (4.21)

which diverges. Therefore the variance does not exist for the estimator in
Equation 4.19.

To have a finite-variance Monte Carlo calculation, we must change the method
of sampling. Suppose that b is the radius of the smallest sphere centered at X0 that
contains V; we can introduce a pdf, f (r), for sampling within the sphere as

f (r) = µ

4π[1 − exp(−µb)]
exp(−µr)

r2
. (4.22)

To sample an r we write f (r) dr as

f (r) dr = f (r)r2 dr sin θ dθ dφ (4.23)

= µ exp(−µr)

[1 − exp(−µb)]
dr

sin θ dθ

2

dφ

2π
. (4.24)

Sample cos θ uniformly on (−1, 1) and φ uniformly on (0, 2π). If b were infinite,
the r function would be µ exp(−µr) dr, which can be sampled by r = −(1/µ) log ξ.
For finite b, µ exp(−µr)/[1 − exp(−µb)] may be sampled by setting
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r = − 1

µ
log ξ (mod b). (4.25)

Using f (r) in Equation 4.22, the integral in Equation 4.18 becomes

〈S〉 = [1 − exp(−µb)]4π

µ

∫
V

S(r + X0)f (r) dr

and the estimator for 〈S〉 is

g̃(r) = [1 − exp(−µb)]4π

µ
S(r + X0).

The variance contains 〈g̃2〉,

〈g̃2〉 =
(

[1 − exp(−µb)]
µ

4π

)2 ∫
S2(r + X0)f (r) dr.

This can be bounded by

〈g̃2〉 ≤
(

1 − exp(−µb)

µ
4π

)2

S2
1

∫
f (r) dr. (4.26)

Since
∫

f (r) dr = 1, the variance exists.
The actual Monte Carlo algorithm will comprise sampling an r from f (r); if

r + X0 is outside the volume V the contribution of S(r + X0) will be zero. The value
of the variance obtained in the calculation will be adversely affected by many zeros
occurring in the estimate for 〈S〉. If a pdf defined within a sphere containing V
proves to be unsuitable in the calculation because of frequent sampling of r outside
V, it may be necessary to design a rejection technique for f (r) that is nonzero
only within V or to sample r from Equation 4.22 over a smaller sphere and use a
different distribution in the rest of V.

Importance sampling is a very useful technique for reducing variance and
for handling singular integrals. It will be used repeatedly in the applications of
Monte Carlo methods to be discussed. A shortcoming of importance sampling
is that it is difficult to apply if the integrand changes sign. In such cases, it
will normally be advantageous to use correlated sampling methods, Section 4.3.

Importance Sampling with Correlated Sampling

Suppose we need to evaluate the integrals

Gn =
∫

gn(x)f (x) dx, (4.27)

where the gn(x), n = 1, 2, . . . , M, are a sequence of functions. The most direct
method would be to sample an xi from f (x) and evaluate all the functions for the
particular xi and repeat the process as many times as necessary; that is, sample
x1, . . . , xN and form

GnN .. = 1

N

N∑
i=1

gn(xi).
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Figure 4.5 Using positive correlation to locate the minimum of an integral G(β).

It is also possible to introduce importance sampling into the integral,

Gn =
∫

gn(x)f (x)

f̃ (x)
f̃ (x) dx,

sample an xi from f̃ (x) and form

GnN = 1
N

N∑
i=1

gn(xi)f (xi)

f̃ (xi)
.

By using the same xi for all the gn(x) saves computer time in sampling f (x) or
f̃ (x). In many cases, the gn(x) will not differ much; for example, a parameter in
the analytical expression for gn(x) may be changed to observe systematic variations.
Positive correlation is introduced into the estimates for Gn by using the same xi

and random fluctuations are eliminated. If we were searching for the parameter β

that minimizes the integral G(β), the positive correlation makes it easier to locate
the minimum β (Figure 4.5).

4.2
The Use of Expected Values to Reduce Variance

The following discussion describes the use of expected values in finite quadrature
but its application is much more wide ranging.

Suppose we wish to evaluate the integral

G =
∫

g(x, y)f (x, y) dx dy, (4.28)

where x and y may be many-dimensional vectors (though Y is usually one-
dimensional). The marginal distribution for x is defined by Equation 2.32

m(x) =
∫

f (x, y) dy, (4.29)
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and we can define another quantity h(x) as

h(x) = 1

m(x)

∫
g(x, y)f (x, y) dy. (4.30)

We assume that the integrals m(x) and h(x) can be evaluated by means other than
Monte Carlo. The integral in Equation 4.28 can be rewritten

G =
∫

m(x)h(x) dx. (4.31)

We further assume that the order of integration is immaterial. The difference in
variance between Equations 4.28 and 4.31 is (cf. Section 2.5)

var{g} − var{h} = E(g2) − E((E(g|x))2)

= E(E(g2|x)) − E((E(g|x))2) (4.32)

= E(E(g2|x) − (E(g|x))2) = E(var{g|x}) ≥ 0

and we have shown the general theorem that

var{g(x, y)} − var{h(x)} ≥ 0. (4.33)

In other words, the variance of a Monte Carlo calculation may be reduced by doing
part of the integration analytically as in Equation 4.30.

As an example, consider the integral

π

4
=

∫ 1

0

∫ 1

0
g(x, y) dx dy,

where

g(x, y) =
{

1, x2 + y2 ≤ 1

0, x2 + y2 > 1.

If we choose x and y uniformly within the unit square and sum g(x, y), the variance
associated with the Monte Carlo estimator is

var{g} = π

4
−

(π

4

)2
= 0.168.

Instead, we can evaluate the marginal distribution for x,

m(x) =
∫ 1

0
dy = 1,

and define the quantity h(x) by

h(x) = 1

m(x)

∫
g(x, y)f (x, y) dy =

∫ √
1−x2

0
dy =

√
1 − x2.
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The integral is rewritten

G =
∫ 1

0

√
1 − x2 dx.

A Monte Carlo algorithm would be to sample x uniformly on (0, 1) and sum the
h(x). The variance associated with this is

var{h} =
∫ 1

0
(1 − x2) dx −

(π

4

)2
= 0.050,

which is indeed a reduction over the previous value. The improvement in the
variance will be lost, however, if the second method takes much longer to compute
(here, the time for calculation of the square root). The computational time for fixed
error can be decreased by using importance sampling to improve the sampling
of

√
1 − x2; the calculation would then be a combination of expected values and

importance sampling. To use the expected value of the random variable in the
Monte Carlo calculation, it must be possible to evaluate m(x) analytically.

Expected Values in M(RT)2

Expected values can also be advantageously applied to the Metropolis et al. method.
As described previously in Section 3.7, the M(RT)2 technique generates a random
walk in which a possible next step X ′

n+1 is sampled from the transition distribution
T(X ′

n+1|Xn). The probability of accepting the new step is given by

A(X ′
n+1|Xn) = min

[
1,

f (X ′
n+1)T(Xn|X ′

n+1)

f (Xn)T(X ′
n+1|Xn)

]

and Xn+1 = X ′
n+1 with probability A(X ′

n+1|Xn) and Xn+1 = Xn with probability
1 − A(X ′

n+1|Xn). The method guarantees that the asymptotic distribution of the Xi

will be f (X ). To estimate a quantity G,

G =
∫

g(X )f (X ) dX ,

G ∼= 1

N

∑
g(Xi),

the g(Xi) are summed only after the asymptotic distribution, f (X ), has been attained
in the random walk. Suppose that we are at step Xn in the random walk and have
sampled a possible next step X ′. Conditional on Xn, the expectation value for
g(Xn+1) is

E(g(Xn+1)) =
∫ 1

0

∫ 1

0
g1(X ′, η)T(X ′|Xn) dX ′ dη,

where

g1(X ′, η) =
{

g(X ′) if η ≤ A(X ′|Xn)
g(Xn) if η > A(X ′|Xn).
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The variable η is a uniform random variable and the Monte Carlo calculation may
be improved by using its expected value in the algorithm. The marginal distribution
for X ′ is

m(X ′) =
∫ 1

0
T(X ′|Xn) dη = T(X ′|Xn)

and h(X ′) becomes from Equation 4.30

h(X ′) = 1
T(X ′|Xn)

∫ 1

0
g1(X ′, η)T(X ′|Xn) dη

= 1

T(X ′|Xn)

[∫ A

0
g(X ′)T(X ′|Xn) dη +

∫ 1

A
g(Xn)T(X ′|Xn) dη

]

= g(X ′)A(X ′|Xn) + g(Xn)
[
1 − A(X ′|Xn)

]
.

That is, the scores at X ′ and Xn are weighted with the probabilities that X ′ or Xn

will be the next point.
In some applications, A(X ′|Xn) is either 0 or 1 (e.g. in sampling classical many-

body systems with hard sphere forces), so there is no advantage in using expected
values. There are many applications in which A(X ′|Xn) varies smoothly between
0 and 1 and the method can be very useful. Usually, the most computer time in
an M(RT)2 algorithm is spent calculating f (X ′) and f (Xn) for the acceptance prob-
ability. The calculation becomes more efficient if g(X ′) and g(Xn) are determined
simultaneously with f (X ′) and f (Xn). In conventional M(RT)2 applications, one of
the quantities, g(X ) or g(Xn), is then thrown away, whereas if expected values are
used, both values are needed. In the earlier example of disks in a box, f (X ) is
determined by checking whether any disks overlap or are outside the box. Since all
separations of pairs of disks must be calculated for f (X ), it is most efficient to keep
track of the occurrences of a particular separation [which is g(X )] at the same time.
The expected values method will be useful if the disks are not subject to perfect
repulsion and especially if g(X ) is sensitive to the effects of small distances.

4.3
Correlation Methods for Variance Reduction

Correlation methods serve to reduce the variance by the use of correlated points in
the sampling rather than sampling all points independently. In a technique called
control variates [1], the integral of interest,

G =
∫

g(x)f (x) dx

is written

G =
∫

(g(x) − h(x))f (x) dx +
∫

h(x)f (x) dx, (4.34)
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where
∫

h(x)f (x) dx is known analytically. The estimator for G becomes

G ∼=
∫

h(x)f (x) dx + 1

N

N∑
i=1

[g(xi) − h(xi)], (4.35)

with g(x) and h(x) evaluated at the same points (xi). The technique is advantageous
when

var{(g(x) − h(x))}f � var{g(x)}f , (4.36)

and this occurs when h(x) is very similar to g(x). If
∫

g(x)f (x) dx closely resembles
a known integral, then the method will probably be useful. In particular, if
|g(x) − h(x)| is approximately constant for different values of h(x), then correlated
sampling will be more efficient than importance sampling [2]. Conversely, if
|g(x) − h(x)| is approximately proportional to |h(x)|, then importance sampling
would be the appropriate method to use.

Consider the integral
∫ 1

0
ex dx,

a straightforward Monte Carlo calculation gives a variance equal to 0.242. A possible
h(x) derives from the first two terms in the Taylor series expansion for ex,

∫ 1

0
ex dx =

∫ 1

0
(ex − (1 + x)) dx + 3

2
,

where
∫ 1

0 (1 + x) dx = 3
2 . The random variable x may be chosen uniformly on (0, 1)

and the associated variance is

var{ex − (1 + x)} = 0.0437,

which is a substantial reduction from the variance quoted above. By using 2
3 (1 + x)

as an importance function, however, the variance is decreased to 0.0269.
As a better example, consider the integral
∫ 1

0
(ex − (1 + βx)) dx,

where we shall minimize the variance with respect to β. We want the value of β for
which

∫ 1

0
(ex − 1 − βx)2 dx −

(∫ 1

0
(ex − 1 − βx) dx

)2

is smallest. Experimentally it can be determined that β = 1.69 gives a variance
of 0.0039. The best fit to the exponential in the sense given here is not far
from the best fit for a straight-line importance function. In the latter case, β =
1.81 is optimal and the variance is 0.0040, rather close to the best value found
here.
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In practice, the experimental determination of an optimal parameter or parame-
ters for a control variate treatment of a many-dimensional integral cannot be carried
out with great precision, since determination of the variance to be minimized must
itself be determined by Monte Carlo.

Control variates are used extensively in simulations [3], particularly in the study
of queues and queuing networks.

4.3.1
Antithetic Variates

The method of antithetic variates [4] exploits the decrease in variance that occurs
when random variables are negatively correlated. When variables are negatively
correlated, if the first point gives a value of the integrand that is larger than
average, the next point will be likely to give a value that is smaller than average,
and the average of the two values will be closer to the actual mean. In theory, the
method sounds promising, but in practice it has not been very successful as a
general variance reduction method in many dimensions [5]. It can often be used to
advantage for a few variables of the many [6].

Suppose that

G =
∫ 1

0
g(x) dx, (4.37)

where g(x) is linear. Then G may be written exactly as

G =
∫ 1

0

1

2
[g(x) + g(1 − x)] dx. (4.38)

G may be evaluated through Monte Carlo by using Equation 4.38 and picking an x
uniformly on (0, 1). The value of g(x) and g(1 − x) is determined and the estimate
for G formed,

GN = 1
N

N∑
i=1

1
2

[g(xi) + g(1 − xi)], (4.39)

which will give exactly G with zero variance for linear g (Figure 4.6). For nearly
linear functions, this method will substantially reduce the variance.

Consider the integral discussed earlier,

G =
∫ 1

0
e−x dx;

the variance associated with a straightforward Monte Carlo evaluation is 0.242.
If we pick xi uniformly and at random on (0, 1) and form the estimator in
Equation 4.39

GN = 1

N

N∑
i=1

1

2

[
g(xi) + g(1 − xi)

] ;
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Figure 4.6 A linear function g(x) on (0, 1).

the variance associated with this calculation is 0.0039, which is a dramatic reduction
in variance.

As another example, take

G =
∫ ∞

0
e−xg(x) dx.

We shall use e−x as the sampling function. A random number distributed expo-
nentially is given by

x = − log ξ.

A correlated random variable is x′ = − log(1 − ξ). If x is close to the origin, x′ will
be far from the origin. The values for x and x′ can be substituted in the expression
for the estimator in Equation 4.39, which becomes

G = 1

N

N∑
i=1

1

2

{
g(xi) + g(x′

i)
}
.

This will be an improvement over the use of a single estimate if g is monotone.
Two generalizations of Equation 4.39 may be introduced, for any 0 < α < 1:

g+α = {αg(αx) + (1 − α)g(α + (1 − α)x)}
and (4.40)

g−α = {αg(αx) + (1 − α)g(1 − (1 − α)x)};

these functions are linear and have the correct expectation. A value for α may be
established by solving

g−α(0) = g−α(1),

g(α) = (1 − α)g(1) + αg(0). (4.41)

Correlation techniques need not be used alone, but may be combined with other
methods of reducing the variance. For example, both importance sampling and
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antithetic variables may be used simultaneously to improve a calculation. Thus the
result expressed in Equation 4.38 may be improved by importance sampling as

G = 1

2

∫ 1

0

[
g(x) + g(1 − x)

f̃ (x)

]
f̃ (x) dx. (4.42)

Consider again
∫ 1

0 ex dx. The antithetic estimator 1
2 [ex + e1−x] is symmetric about

x = 1
2 , so an approximate f̃ for this problem is

f̃ (x) = 24
25

[
1 + 1

2

(
x − 1

2

)2
]

,

chosen to agree with the first three terms of the power series at x = 1
2 . The vari-

ance of the estimator of Equation 4.42 with this sampling function is 0.0000012,
compared with 0.0039 for the estimator of Equation 4.38 and 0.242 for the straight-
forward evaluation. Thus, use of antithetic variates reduces the variance by 2 orders
of magnitude, and this simple unoptimized importance sampling by another three!

4.3.2
Stratification Methods

In stratification methods, the domain of the independent variable is broken up into
subintervals such that a random variable is sampled from every subinterval. For
the one-dimensional integral

G =
∫ 1

0
g(x) dx, (4.43)

the simplest stratification is to divide (0, 1) into M equal intervals. An x is then
chosen in each interval in succession,

xj = � − ξj

M
,

where � = (j − 1)(mod M) + 1 and j = 1, 2, . . . , NM. The �’s will cycle through the
integer values 1 through M, and the xj will be drawn at random in the �th interval.
An estimator for G is given by

GNM = 1

NM

M∑
j=1

g(xj). (4.44)

It is best, however, not to use Equation 4.44 as written, since estimation of the
variance is difficult. Rewriting GNM as

GNM = 1
N

N∑
i=1


 1

M

M∑
j=1

g(xj)


 ,

gives terms (1/M)
∑M

j=1 g(xj) that are statistically independent. The variance is
straightforward to calculate from these. In correlation methods, it is very important
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to group answers such that the individual groups are independent in order to
calculate the variance. For example, in antithetic variates, we group two (or more)
answers as an independent estimate in the determination of the variance.

An alternative method for stratifying the sampling of an x for the integral in
Equation 4.43 would be to use the same random number in each subinterval per
cycle of �. That is

xj = � − ξk

M
,

where

� = (j − 1)(mod M) + 1,

k =
[

j − 1
M

]
+ 1,

and j = 1, . . . , M. In one dimension, this is analogous to trapezoidal integration,
but the random choice of x on a subinterval removes a bias.

There is no particular reason for choosing the subintervals to be of equal size.
An estimator gk for the integral in Equation 4.43 can be defined that allows varying
subinterval size,

gk =
k∑

j=1

nj∑
i=1

(αj − αj−1)
1

nj
g[αj−1 + (αj − αj−1)ξij]. (4.45)

The notation ξij, indicates that a new random number is chosen for every combi-
nation of (i, j); the random number is then mapped onto the interval (αj−1, αj) in
which nj samples are to be drawn. The sampling algorithm maps (i, j) onto the
interval (αj−1, αj). A particular subinterval (αj−1, αj) is sampled nj times, and the
mean of the g’s evaluated within (αj−1, αj) is multiplied by the size of the interval.
This is a generalization of the trapezoidal rule for integration since the size of the
interval changes. The variance on a subinterval is proportional to the number of
samples taken within the subinterval

n2
j ∝


(αj − αj−1)

∫ αj

αj−1

g2(x) dx −
[∫ αj

αj−1

g(x) dx

]2

 .

It is possible to minimize the variance with respect to nj to determine the optimal
value of nj.

It is not really necessary to use variable interval size stratified sampling, since an
importance sampling transformation will achieve the same goal. The motivation
to vary the subinterval size is to have large intervals where the function is nearly
constant and fine intervals where the function is large or rapidly changing. But
importance sampling leads to the same result by sampling a function that is large
where f is large. A useful approach is to importance-sample an integral and then
use stratified sampling on the transformed integral.
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A straightforward generalization of stratified sampling to many dimensions is
not efficient, since it leads to the necessity of sampling in many cells. Rather than
attempt to stratify all the dimensions, it is better to identify which variables (if
any) carry most of the variation of the integrand and stratify these. Significant
reduction in the variance can sometimes be achieved by stratifying a single dimen-
sion in a many-dimensional integral. An alternative approach is to use an adaptive
Monte Carlo method to concentrate the sampling in the most important regions,
Section 4.4.

Suppose we wish to sample random variables from the unit square in two
dimensions. The generalization of simple stratification into four intervals in one
dimension would be to divide the square into 16 subintervals and sample a point in
each box (Figure 4.7). An alternative of this has been suggested by (H.A. Steinberg,
private communication), in which points are sampled in only four boxes, one
from each row. The points would be chosen in boxes (1, n1), (2, n2), (3, n3), (4, n4),
where the sequence n1, n2, n3, n4 is a random permutation of 1, 2, 3, 4. A particular
permutation of the sequence is shown in Figure 4.8. The sampled boxes will stay
apart in this scheme, and no accidental sampling of two random variables in the
same subinterval will occur. We see that it is always perfectly stratified with respect

Figure 4.7 Dividing the unit square into 16 subintervals.

Figure 4.8 Sampling one subinterval from each row in the
unit square by a random permutation.



98 4 Monte Carlo Evaluation of Finite-Dimensional Integrals

to x and y separately, which is better than arbitrarily choosing a single direction and
then stratifying. In two dimensions, Steinberg’s scheme is not usually an improve-
ment, but its generalization to many dimensions permits the retention of much of
the advantage of stratification with reasonably small groups of correlated variables.

Specifically, suppose we wish to stratify k samples in a d-dimensional unit
hypercube. Let each of the sides be divided into k segments (for a total of kd small
hypercubes). Form d − 1 independent permutations of the integers 1, 2, . . . , k. Let
the ith members of the jth permutation be n(i, j). Assemble k d-tuples as

[1, n(1, 1), n(1, 2), n(1, 3), . . ., n(1, d − 1)],
[2, n(2, 1), n(2, 2), n(2, 3), . . ., n(2, d − 1)],

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
[k, n(k, 1), n(k, 2), n(k, 3), . . ., n(k, d − 1)],

and place a sample at a point in each of the small hypercubes so defined. As before,
the points can but need not be independently sampled within each hypercube.

4.4
Adaptive Monte Carlo Methods

Similar to other variance reduction techniques, adaptive Monte Carlo (AMC)
methods seek to concentrate the computational effort in the regions where the
integrand is varying most and thereby reduce the variance. Instead of sampling
random variables uniformly within the domain, in AMC methods the domain is
partitioned into a subdivision tree that is based on the behavior of the integrand. In
the simplest adaptive schemes, the original domain of integration is divided into a
small number of partitions, and Monte Carlo integration is performed separately
in each of these smaller subregions to yield an estimate of the integral in the
subdomain and its associated error. Assuming that the errors are not acceptable,
the subdomains are further partitioned. The subdivision process can be based
on purely local information or take global behavior into account. For example, a
locally based process could compare the error within each subdomain to a stopping
criteria and if an error is too large, the associated subdomain is split into two smaller
partitions. The Monte Carlo evaluation of the integral is then performed in the
smaller partitions. An iterative process is continued until all the subdomain errors
are acceptable. An alternative global strategy would be to compare the statistical
errors in all the subdomains. The subdomain with the largest error is then split
into two smaller subdomains. Each iteration of the algorithm leads to the partition
of the subdomain with the largest error. The process continues until the overall
error has satisfied the stopping criteria or a predetermined number of iterations
have been completed.

A description of the global adaptive process is given below:

1. Divide the domain into initial subdomains.

2. Perform Monte Carlo integration in each subdomain and calculate the error.
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3. Choose the subdomain with the largest error and divide the region into two
parts. Perform the Monte Carlo integrations in the new subdomains and
calculate the errors.

4. Store the new subdomains.

5. Calculate the overall error. If it is acceptable or the maximum number of
iterations has been exceeded, stop the calculation. Else return to step 3.

In the previous discussion, using either local or global information, the subdomains
were split into smaller divisions of equal size. In superconvergent adaptive Monte
Carlo (SAMC), information about the integrand can be used to choose the size
of the subdomains and hasten convergence. The ideas motivating SAMC can be
demonstrated by a one-dimensional example.

Let the domain of integration, �0, of Equation 4.1 be [0, 1] and partition this
interval into m subintervals, �i, guided by the behavior of g(x), x0 = 0, xm = 1;

Ci = 1
2

[
g(xi−1) + g(1)

]
(1 − xi−1), i = 1, . . . , m − 1,

xi = xi−1 + Ci

g(xi−1)(n − i + 1)

with �i ≡ [xi−1, xi]. The integral in Equation 4.1 can be rewritten as

G =
∫ 1

0
g(x)f (x) dx =

m∑
i=1

∫ xi

xi−1

g(x)f (x) dx.

To evaluate G by SAMC, let,

fi =
∫ xi

xi−1

f (x) dx and Gi =
∫ xi

xi−1

g(x)f (x) dx.

Then, ni random variables, Xi
j can be sampled on each �i from f (x)/fi and the

estimator for Gi formed,

Gi = E


 fi

ni

ni∑
j=1

g(Xi
j )




and their associated statistical errors evaluated. The integral is evaluated as

G = E


 m∑

i=1

fi
ni

ni∑
j=1

g(Xi
j )


 ,

where n = ∑m
i=1 ni is the overall number of points sampled at a single iteration.

The iterations proceed as before until some stopping criteria is satisfied.
It can be shown that the probable error of the SAMC algorithm decreases as

cn−(1/2)−(1/d) [7] where d is the dimensionality of the integral. Eventually, as the
dimensionality increases, the SAMC method will offer no advantage over the
simpler AMC method.
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4.5
Quasi-Monte Carlo

An alternative technique to evaluate integrals and integral equations, labeled quasi-
Monte Carlo (q-MC), uses deterministic sequences of variables that are particularly
well distributed. The one dimensional integral,

G =
∫ 1

0
g(x) dx (4.46)

is still estimated by

GN = 1

N

N∑
i=1

g(xi); (4.47)

however, the sequence x1, . . . , xN , is chosen in such a way that the quantity,
|GN − G|, is minimized. Bounds on |GN − G| can be developed and lead to the
definition of the discrepancy, D∗

N , for a set of N numbers.
Let x1, . . . , xN be a sequence of N numbers in I = [0, 1] and S be a subset of I.

Define VN(S) to be the proportion of the xi, 1 ≤ i ≤ N, that are within S and
further define ∆N (S) = VN(S) − length(S). Then it can be shown that if g(x) is
Riemann-integrable [8],

|GN − G| =
∣∣∣∣
∫ 1

0
∆N ([0, x]) dg(x)

∣∣∣∣

≤ sup
0≤x≤1

|∆N ([0, x])|
∫ 1

0
d|g(x)|, (4.48)

which is a form of the Koksma–Hlawka inequality [9]. The discrepancy is defined as,

D∗
N = sup

0≤x≤1
|∆N ([0, x])|

and
∫ 1

0 d|g(x)| is the total variation of g(x). For an infinite sequence, limN→∞ D∗
N = 0

is equivalent to the sequence being uniformly distributed on I. The goal is the
find a sequence of numbers such that the discrepancy is minimized and therefore,
|GN − G| is minimized.

The discrepancy can be generalized to d dimensions. In this case, the set
is composed of d-dimensional vectors, xi = (xi, xi+1, . . . , xi+d−1), occurring in a
hypercubic region, Id = [0, 1]d, where 0 ≤ xi ≤ 1. The discrepancy is

D∗
N = sup |∆N(x)|, (4.49)

∆N (x) = ∆N

(∏
[0, xi]

)
;

where [0, xi] represents a family of subintervals of Id. D∗
N is the difference between

the expected number and the actual number of vectors falling within Id, maximized
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over all such regions. A uniform deterministic grid of points has D∗
N decrease with

increasing N as O(N−1/d) in d dimensions. Improvements can be achieved and for
d ≥ 2, if the integrand g(x) = g(x1, . . . , xd) is such that all mixed partial derivatives
exist and are continuous, then sequences can be found where

D∗
N < C

lnd N

N

as N → ∞. The use of low-discrepancy sequences in Equation 4.47 will likely
converge faster to the value of G than using pseudorandom numbers especially
for regular integrands. As the dimensionality increases, the convergence rate of
the q-MC calculation is dependent on the dimension d and the regularity of the
integrand, while the convergence rate of the Monte Carlo calculation is guaranteed
by the central limit theorem.

4.5.1
Low-Discrepancy Sequences

The characteristics of a good, low-discrepancy sequence are that it avoids clustering
of points, that successive points are added so that they avoid the previously added
point (a type of correlation in the structure), and that the points uniformly fill the
region, Id. A classic example of a low-discrepancy sequence is the van der Corput
sequence [10] on [0, 1). For a number n ≥ 1, n is rewritten in base b as

n ≡
m∑

j=0

aj(n)bj, (4.50)

where m is the integer that guarantees that aj(n) ≡ 0, ∀j > m and 0 ≤ aj(n) < b.
Then the number in the van der Corput sequence that corresponds to n is given by,

qb(n) =
m∑

j=0

aj(n)b−j−1. (4.51)

Consider b = 3, the first six integers written as in Equation 4.50 are

1 = 1 × 30, 2 = 2 × 30, 3 = 1 × 31, 4 = 1 × 31 + 1 × 30,

5 = 1 × 31 + 2 × 30, 6 = 2 × 31,

which yields the sequence,

q3(1) = 1 × 3−1 = 1

3
, q3(2) = 2 × 3−1 = 2

3
, q3(3) = 1 × 3−2 = 1

9
,

q3(4) = 1 × 3−2 + 1 × 3−1 = 4
9

, q3(5) = 1 × 3−2 + 2 × 3−1 = 7
9

,

q3(6) = 2 × 3−2 = 2

9
,
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It can be shown that there exists a constant, C(b), such that,

D∗
N(qb(1), . . . , qb(N)) ≤ C(b)

ln N

N
.

However, the van der Corput sequence exhibits a cyclic behavior that can be
problematic in many applications. Users of low-discrepancy sequences often discard
the first K values and also renumber or permute the remaining values to achieve
better behavior.

Most applications of q-MC involve integrals where d > 1, so sequences that work
well in multiple dimensions are needed. The Halton sequence [11] is based on
the van der Corput sequence with the first dimension derived using a base of 2.
Every other dimension, s, uses a different prime base, with the bases b1, . . . , bs, . . .
all coprimes greater than 1. A point in d-dimensional space is chosen as,

xn = (qb1 (n), . . . , qbd
(n)).

For large N, a sequence of N d-dimensional points has a discrepancy,

DN(x1, . . . , xN) ≤ C(b1, . . . , bd)
lnd N

N
,

where C(b1, . . . , bd) is a constant. This sequence tends to suffer from a slower
generation of new quasi-random numbers as the number of dimensions increases.
Also, if N is small compared to the bases, bs, the values of qbs (n) tend to cluster near 0.

The Faure sequence [12] tries to eliminate the slowing down of the generation
of multidimensional points by using just one base, b, for all dimensions. The
underlying sequence is still the van der Corput sequence with the base chosen
to be the smallest prime number that is greater than or equal to d, the number
of dimensions in the problem. Correlation between dimensions is removed by
reordering the sequence in each dimension;

ad
i (n) =

m∑
j≥i

j!
i!(j − i)!

ad−1
j (n) mod b. (4.52)

The reordering slows down the generation of new points in all dimensions other
than the first. Also, to avoid clustering of points around 0 in high dimensions,
Faure recommended discarding the first n = (b4 − 1) points.

Another well-known sequence is that proposed by Sobol [13]. While it also uses
the van der Corput sequence as its inspiration, a sophisticated, recursive reordering
process attempts to overcome the shortcomings of previous sequences. The base,
b = 2, is used for all dimensions and thus an initial sequence of nonnegative
integers, n, 1 ≤ n ≤ N, are converted into their base 2 representative, Equation
4.50. Next, for each dimension, a primitive polynomial over the Galois field of two
elements is created,

xs + a1xs−1 + a2xs−2 + · · · + as−1x + 1, (4.53)

where the ai can be either 0 or 1. The value of s defines the degree of the polynomial.
The coefficients, ai, are used to generate odd integers, ri, where i = 1, . . . , [log2N],
[y] indicates the smallest integer greater than y, and 0 < ri < 2i,
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ri = 2a1ri−1 ⊕ 22a2ri−2 ⊕ · · · ⊕ 2dri−s ⊕ ri−s. (4.54)

⊕ indicates a bitwise exclusive or (addition without carry). This recursive relation-
ship requires that rs odd integers must be initially supplied. Once the ri have been
calculated, they are converted into a binary fraction,

vi = ri

2i
. (4.55)

The conversion is accomplished by right shifting the binary expansion of ri,
Equation 4.54, by i digits. For each number, n, the rightmost 0 bit, k, is identified.
The quasi-random number in the Sobol sequence [14] is then obtained as

qd(n + 1) = qd(n) ⊕ vk,

where qd(0) = 0. A primitive polynomial of a different degree, s, is used for each
dimension.

The three low-discrepancy sequences described here are some of the most
frequently used sequences in q-MC calculations. However, new sequences and
reformulations of existing sequences continue to be introduced.

4.5.2
Error Estimation for Quasi-Monte Carlo Quadrature

Techniques to estimate the error for any asymptotic quadrature method are
needed. Monte Carlo methods have the central limit theory and q-MC has
the Koksma–Hlawka inequality, Equation 4.48. Unfortunately, in most cases,
it is impossible to calculate error bounds based on the inequality. Also, the
Koksma–Hlawka inequality is not a tight bound. That is, a q-MC integration may
indeed converge even if a function has infinite variance. Much research has focused
on developing easy-to-implement techniques of error estimation, and most of the
techniques rely on statistical error estimation. This is achieved by applying a prob-
abilistic structure on the low-discrepancy sets used in a calculation. One method is
to scramble or permute the point sets [15]. Another uses shifted low-discrepancy
sequences, which allow the central limit theorem to be applied to quasi-Monte
Carlo calculations. We discuss the latter technique in more detail since it can also
be viewed as a variance reduction technique for Monte Carlo calculations [16].

Let a random variable gj be defined as,

gj = 1

N

N∑
i=1

g({xi + ξi}), (4.56)

where xi is a vector from a low-discrepancy sequence, ξi is a uniform random
vector in Id and {y} indicates the vector of fractional parts of y. The average of M
independent calculations of gj,

GM = 1
M

M∑
j=1

gj (4.57)
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is computed and a confidence limit obtained from the central limit theorem. If g(x)
is a function with bounded variation, then the variance is found to be

var{gj} ∝ O

(
ln2d N

N2

)
.

The estimator in Equation 4.56 also works for functions of infinite variance, but
will have a different rate of convergence. Replacing the xi with carefully chosen,
‘‘good’’ lattice points in d dimensions [9, 17] for special classes of periodic functions
can reduce the variance even more.

Research continues into the important topic of error estimation in q-MC calcu-
lation [18]. It is clear that Equation 4.48 is an upper bound and studies of known
integrals [19] show that actual errors can be orders of magnitude smaller than
those predicted by Equation 4.48. The difficulty lies in judging the accuracy of an
unknown integral in many dimensions evaluated by q-MC.

4.5.3
Applications of Quasi-Monte Carlo

The interest in and use of q-MC methods for evaluating integrals has been
steadily increasing in the past several decades. The attraction is the faster rate
of convergence of the numerical integration when low-discrepancy sequences
are used in comparison to traditional Monte Carlo methods or other quadrature
techniques. The difficulties relate to the apparent requirement of well-behaved (i.e.
smooth) integrands and the loss of accuracy, in many cases, as the dimensionality
of the problem increases.

An area where q-MC has had a substantial impact is in numerical finance
where it has been used to evaluate integrals related to pricing options, financial
derivatives, and the valuation of securities. Starting in the early 1990s, researchers
have successfully applied q-MC to many problems and achieved convergence rates
much better than the upper bound predicted by the Koksma–Hlawka inequality.
Even when the high-dimensionality of the integrand suggests that q-MC may be
inappropriate, hybrid methods that combine q-MC with traditional Monte Carlo
have been used [20]. That is, the problem is divided such that dimensions that are
smoothly varying and make a significant contribution to the integrand are evaluated
using a low discrepancy sequence. All other dimensions are calculated using
pseudorandom numbers and Monte Carlo with variance reduction techniques. In
general, any approach that reduces the dimensionality of a problem will likely
improve a q-MC calculation [21].

4.6
Comparison of Monte Carlo Integration, Quasi-Monte Carlo and
Numerical Quadrature

In the introduction to this chapter, the relative efficiencies of a Monte Carlo cal-
culation as compared with standard numerical quadrature were discussed. Several
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points are worth emphasizing. For fixed expenditure of computer time, numerical
quadrature is always the wiser choice in one-dimensional integration. In higher
dimensions, however, the convergence of Monte Carlo integrations is independent
of dimensionality, which is not true for numerical quadrature methods. Thus there
is always some dimension value d above which Monte Carlo integrations converge
faster than any fixed quadrature rule. A q-MC calculation will usually perform
even better than a Monte Carlo one if the integrand is finite. The shape of the
multidimensional region may be quite complicated and may make applications
of a standard quadrature routine difficult. Monte Carlo methods are able to deal
with essentially any finite region as are q-MC. Finally, the accuracy of a Monte
Carlo estimate of an integral can always be improved by simply including some
more points. In many dimensions, a fixed-point numerical quadrature rule can
be improved only by going to a higher-order rule, and the previous estimate is
thrown out! Error estimates for multidimensional numerical quadrature are diffi-
cult to evaluate, whereas a Monte Carlo calculation always delivers an associated
error.
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5
Random Walks, Integral Equations, and Variance Reduction

The term random walk has become almost a household term as its usage has
spread from probability to the sciences and beyond, to diverse applications such
as describing the behavior of the financial markets or the number of home runs
hit by baseball players. What is a random walk? Let us assume that a set of
random variables, X0, X1, . . . , represent the state of a system at some ‘‘time’’ n for
n = 1, . . . , N. The probability of going from state i at time n to state j at time n + 1 is

Pij = P{Xn+1 = j|Xn = i}
and is independent of past states, prior to state i. The set {Xn}, n ≥ 0, is called a
Markov chain or process with stationary1) transition probabilities Pij, i, j = 1, . . . , N. A
Markov chain is another way of referring to a random walk. The traditional example
of a random walk in one dimension is of an intoxicated person moving randomly
one step forward or one step backward. Another classic example is that of the
‘‘gambler’s ruin.’’ Suppose a player with a pile of money, k, plays a series of games
of chance against an infinitely rich adversary. At each game, the player may win one
unit of money with probability pk and may lose one unit with probability qk = 1 − pk,
k ≥ 1. When his money is reduced to 0, the games end. The process {Xn}, where the
Xn represents the amount of money remaining after n games is also a random walk.

Random walks are frequently used as discrete approximations to continuous
physical processes. Consider the motion of diffusing particles, which can be
described by a differential equation. The motion of the particles is continuous but
the positions, subject to collisions and perhaps random forces, fluctuate randomly.
If a particle’s future position depends only on the current position, then the set
{Xn} where Xn is the position at a time ‘‘n’’ represents a Markov process.

5.1
Properties of Discrete Markov Chains

Every time the system represented by a Markov chain leaves a state i, it must be in
another of the possible states; thus

1) A stationary transition probability is independent of when the transition from state i to state j
occurs in the Markov chain.

Monte Carlo Methods. Second Edition. M.H. Kalos and P.A. Whitlock
Copyright  2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40760-6
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N∑
j=1

Pij = 1, i = 1, . . . , N . (5.1)

If state j can be reached from state i in a finite number of steps or transitions,
then state j is called accessible from state i. If state i is accessible from state j,
then the states are said to communicate with each other. If the two states do not
communicate, then either Pij = 0 or Pji = 0. A Markov chain is termed irreducible
if all states communicate with each other.

The Pij form a matrix P called the one-step transition probability matrix. Given P
and the probability distribution of the state of the process at time 0, the Markov
chain is completely specified. Let Pn

ij be the probability that the system goes from
state i to state j in n transitions. Then it can be expressed as

Pn
ij =

N∑
k=0

Pr
ikPs

kj, (5.2)

where r + s = n and we define

P0
ij =

{
1, i = j,
0, i �= j.

(5.3)

The period of state i, d(i), is the greatest common divisor of all integers n ≥ 1 for
which Pn

ii > 0. If Pn
ii = 0 for all n, then d(i) is defined to be 0. If the states i and j

communicate, then d(i) = d(j). If all the states in a Markov chain have a period of
1, the system is called aperiodic.

Let f n
ii be the probability that starting from state i, the first return to state i occurs

at the nth transition,

f n
ii = P{Xn = i, Xm �= i, m = 1, 2, . . . , n − 1|X0 = i}. (5.4)

State i is said to be recurrent if and only if

N∑
n=1

f n
ii = 1.

That is, starting from state i, the probability of returning to state i in finite time is 1.
If this is not true, the state is said to be a transient state. If states i and j communicate
and i is recurrent, then j is recurrent. Thus, all states in an equivalence class (i.e.
states that communicate with each other) are either recurrent or transient.

Suppose we have a Markov chain with a recurrent aperiodic class of states. We
can define the stationary probability for states j = 1, 2, . . . , N by

πj =
N∑

i=0

πiPij, πi ≥ 0,

N∑
i=0

πi = 1. (5.5)
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πj is the proportion of the time that the system spends in state j. The quantity πiPij

is the proportion of the time that the random walk has just entered state j from
state i. If the initial state of the random walk is chosen to be distributed as πj, then
P{Xn = j} is equal to πj, for all n and j.

If πi > 0 for one state i in an aperiodic recurrent class, then πj > 0 for all states
j in the same class. Such a class is called strongly ergodic. When

πiPij = πjPji (5.6)

for all i �= j, then the Markov chain is said to be time reversible. If the initial state X0

is chosen from the set {πj}, the sequence of steps going backwards in time from
any point n will also be a Markov chain with transition probabilities given by Pij.

5.1.1
Estimators and Markov Processes

Markov chains are used in simulations to model the behavior of systems whose
probability distribution functions are not easily sampled. Suppose that a dis-
crete random variable has a probability mass function given by pj = P{X = j},
j = 1, 2, . . . , N. It can be sampled by creating an irreducible aperiodic Markov chain
such that pj = πj for j = 1, 2, . . . , N and obtaining the values of Xn when n is
large. An estimator for a property, h(X ), of the system, E(h(X )) = ∑N

j=1 h(j)pj can
be formed from the states reached in the random walk,

E(h(X )) ≈ 1
m

m∑
i=1

h(Xi). (5.7)

However, at step n in a Markov chain, the state of the next step, n + 1, is dependent
on the properties of the previous step. Thus, it takes some number of steps, not
always easily quantified, to lose the influence of the distribution of the initial state
X0. As a result, in forming estimators of quantities of interest, the first k steps of
the Markov chain are usually discarded. The estimator for the property h(X ) then
becomes,

E(h(X )) ≈ 1

m − k

m∑
i=k+1

h(Xi). (5.8)

The choice of k is guided by the properties of the application.
The strong serial correlation that exists between the steps of a Markov chain

also effect the estimation of the standard error of the estimator in Equation 5.8.
To correct for the correlation, one approach is to divide the Markov chain into
blocks large enough so that the correlation is minimized between the blocks.
This approach is called batch means or blocking. The m − k steps in Equation 5.8
are broken up into s blocks or batches of length r steps, where s = m−k

r and
both s and r are integers. The average value of h(X ) is evaluated for each of the
s blocks,
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H� = 1

r

k+�r∑
i=k+(�−1)r+1

h(Xi), � = 1, 2, . . . , s. (5.9)

Since each of the H� is considered to be an independent and identically distributed
random variable, the mean value is given by

H = 1

s

s∑
�=1

H� (5.10)

and H is used to obtain the sample estimate of the variance,

var{H�} = 1
s − 1

s∑
�=1

(H� − H)2. (5.11)

The estimate of the standard error associated with E(h(X )) can then be obtained as√
var{H�}/s.

5.2
Applications Using Markov Chains

One method based on Markov chains has already been discussed, the M(RT)2

method introduced in Section 3.7. There, the probability for observing an equilib-
rium system, independent of time, near a random variable X was f (X ). X represents
the state of the system, i.e. the coordinates of all the particles in the system. A
slight change in notation would describe the M(RT)2 algorithm as sampling the
sequence of states, X0, X1, . . . , Xi, . . .. The probability for observing a system near
Xi, f (Xi), corresponds to πi in Equation 5.5. The kinetics of the system must obey
detailed balance, Equation 3.89,

K(Xi|Xj)f (Xj) = K(Xj|Xi)f (Xi). (5.12)

Equating K(Xi|Xj) with Pij, Equation 5.12 is equivalent to Equation 5.6. Using
this equivalence, the Markov chain representing the M(RT)2 random walk is
given by2)

Pij = K(Xi|Xj) = A(Xi|Xj)T(Xi|Xj), for j �= i,

Pii = K(Xi|Xi) = T(Xi|Xi) +
∑
k �=i

(1 − A(Xi|Xk)T(Xi|Xk)). (5.13)

Pii is the probability that the Markov chain stays at the same state of the system, Xi.
The Markov chain that results from the M(RT)2 algorithm is an ergodic, irreducible,
reversible random walk.

2) This representation of the algorithm assumes the {Xn} are a large but finite number of states.
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5.2.1
Simulated Annealing

Kirkpatrick et al. [1] introduced the simulated annealing method, a generalization
of ideas embedded in the M(RT)2 algorithm, to address combinatorial optimization
problems. Their initial application was to obtain an optimized wiring pattern
between integrated circuits on a circuit board, which is similar to the classic
traveling salesman problem. In the latter problem, a salesman must visit n cities
and wishes to travel the shortest distance without returning to any city. A path is a
sequence of cities labeled by the natural numbers, X = {x1, x5, x2, . . .}, contained
in the set of all permutations of {x1, . . . , xn}. However, some of the paths are
forbidden. If d(xi−1, xi) is the distance between city i and i − 1, the total distance or
cost is

U(X ) =
n∑

i=2

d(xi−1, xi),

with forbidden paths having an infinite cost. The probability distribution of the
paths can be assigned as

F(X ) = const e−λU(X). (5.14)

As λ becomes large, only the optimal paths will have finite probability.

Recognizing the similarity between X and the Gibb’s measure,

F(X ) ∝ exp
(

1

kT
U(X )

)
. (5.15)

Kirkpatrick et al. proposed letting λ ∝ 1
kT . A path X would be selected using the

M(RT)2 algorithm for a fixed value of λ. The parameter would be initially small
(high temperature) and the equilibrium probability distribution of paths would be
quickly achieved. Then λ is increased slowly (annealing) to allow the equilibrium
distribution of paths to be selected at each value of λ. Eventually, at large enough
λ, only the optimal paths would survive.

In the Markov chain terminology, let {Xn} be a finite set of states and let U(X ) be
a nonnegative function of the {Xn}. The goal is to find the maximum (or minimum)
value of U(X ) and at least one state, M, corresponding to it,

U∗ = max
{Xn}

U(X )

and

M = {X ∈ {Xn} : U(X ) = U∗}.
The probability mass function for the Xi is given by

p(X ) = eλU(X)∑
{Xn}

eλU(X)
, (5.16)
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where λ is assumed to be greater than 0. Multiplying both the numerator and the
denominator by exp(−λU∗), Equation 5.16 becomes

p(X ) = eλ(U(X)−U∗)∑
{Xn}

eλ(U(X)−U∗)
. (5.17)

However, when U(X ) = U∗, the contribution to the sum in the denominator is 1
and Equation 5.17 may be rewritten as

p(X ) = eλ(U(X)−U∗)

|M| +
∑
X �∈M

eλ(U(X)−U∗)
, (5.18)

where |M| indicates the number of states with U(X ) = U∗. The quantity U(X ) − U∗

is always less than or equal to 0. So as λ → ∞,

p(X ) → δ(X )

|M| ,

where δ(X ) = 1 if U(X ) = U∗ and 0, otherwise.
In practice, some schedule must be used to change the value of λ at each step

in the annealing process to guarantee convergence. If the annealing is assumed
to occur in m steps, then one possibility is to let λm = const × log(1 + m), where
const > 0. The value of U(X ) is monitored and when a maximum value is reached
for large λm, this value of X is considered to be in the set M.

The advantage of using the M(RT)2 algorithm to sample the states {Xn} is that
the local maxima or minima can be avoided. The transition probability from one
state Xj to another Xi, T(Xi|Xj), is of course dependent on the application. In the
traveling salesman problem, Xi may be a different permutation of the order of cities
visited. If Xi is a forbidden case, p(X ) will be 0. With probability

A(Xi|Xj) = min
{

1,
exp(λnU(Xi)T(Xi|Xj))

exp(λnU(Xj)T(Xj|Xi))

}
, (5.19)

the new state is accepted; otherwise, the system stays in the current state. Thus,
there is always a probability of leaving a local maxima for another state, even one
that is less favorable.

Simulated annealing is widely used for optimization in many diverse fields.
A thorough discussion of the method and typical applications is given in van
Laarhoven and Aarts [2].

5.2.2
Genetic Algorithms

Another random walk technique that is used to search complex spaces, genetic
algorithm (GAs), was inspired by population genetics [3]. In this method, a search
over many generations is propagated by evaluating the fitness of individuals in
a gene pool. Individuals for the next generation are selected by operating on
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individuals in the current generation and the process is iterated until the system
ceases to improve as measured by some fitness criteria.

Most applications of GAs use either fixed length binary strings or multidi-
mensional grids to represent prospective solutions to a problem. Each position
in the string represents a particular feature of interest and the bits are usually
assumed to not interact. The individual strings compose a population that evolves
from generation to generation, becoming more ‘‘fit,’’ i.e. approaching the cor-
rect solution, as the random walk continues. A next generation is produced by
several possible events. The crossover event occurs when two strings (parents)
are selected, either randomly or on the basis of their fitness, and substrings
are swapped. Whether a crossover event is chosen is governed by a probability.
The decision to accept the new strings into the next generation may be based
on whether they are more fit than their parents or other individuals, or may
be decided randomly. Strings not involved in crossover may be cloned for the
next generation based on their fitness. With a small probability, mutation, that
is, flipping one or more bits of an individual, can also occur. Mutation allows
new information to be introduced into the prospective solutions and also reduces
the likelihood that the system will be stuck in a local minima or maxima. The
probability of mutation should be small or the evolutionary nature of the algorithm
will be lost.

A phenomenological description of the method is as follows:

1. Start with a randomly selected population representing a set of solutions,
e.g. a bit string y, to the problem of interest.

2. Evaluate the fitness of each string by applying an objective function, f (y).

3. Produce the next generation of strings by iterating the following steps until
the population is complete:

– Either randomly or on the basis of fitness, select two parents.

– With the crossover probability, swap randomly selected subsequences in
the two parents.

– If crossover is not selected, the offspring are identical to the parents.

– With the mutation probability, flip one or more bits of a selected offspring.

– Replace two strings in the next generation, either the parents, randomly
selected strings, or strings based on fitness criteria.

4. Decide whether the ending condition has been satisfied. If it has, stop and
return the best solution based on the objective function.

5. Otherwise, return to step 2.

If the initial population size is too small, the simulation will take a long time to
converge. A very large population size will not improve the rate of convergence and
increases the time spent in generating a new population. The bit strings or grids
can represent numbers or each bit can indicate that a particular, fixed function
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is turned on or off. A string may also represent a permutation. GAs have found
wide applications in structural design [4], routing problems [5], optimization [6],
machine learning [7], and biological studies [8].

Nix and Vose [9] developed a mathematical framework that showed that simple
GAs can be modeled with Markov chains. In their formulation, the states of the
Markov chain are the populations of solutions, fixed-length binary strings, in each
generation. It allows one point crossovers to occur and proportional selection of
strings. The transition probabilities from one state to the next are obtained from a
multinomial probability distribution. Let X and Y correspond to the populations of
two succeeding generations. The transition probability from Y to X is given by

T(X |Y) = r!
∏
j∈�

G(Y/r)
Xj

j

Xj!
, (5.20)

where � represents the sample space of ordered strings of length � and the number
of possible strings is r = 2�. G(Y/r)j is the probability, given the current population
is Y/r, that a sequence, j, is added to the next generation. The probability that

sequence j is in X is
∏G(Y/r)

Xj

j . The number of sequences corresponding to
population X is r!/

∏
Xj!.

Vose [10] generalized the model to describe a ‘‘random heuristic search,’’ where
each solution in the next generation is selected independently from the current
generation. Research continues to show how Markov chains model steady-state
algorithms and more general selection techniques [11].

5.2.3
Poisson Processes and Continuous Time Markov Chains

The discussion below analyzes the properties of Poisson processes as Markov
chains. However, another approach labeled discrete event simulation models an
inherently stochastic system by generating artificial random events on a computer.
There are several characteristics that are necessary for a well-designed simulation. A
clear statement of the system to be simulated is needed. Once this is accomplished,
the probability distribution functions that will be sampled must be identified and
explicitly defined. Then methods are developed to sample all the required pdf ’s.
And finally, the resulting statistics from the events must be analyzed to draw
conclusions about the system. Such simulations are widely applicable to many
fields; for example, a computer operating system may be tested by giving it a
randomly generated operating environment [12]. Areas of physics in which discrete
event simulations are often employed are radiation transport [13], heat transfer
[14], and nuclear theory [15]. Reliability theory [16] is another important area of
application; as are queuing theory [17] and financial simulations [18]. A description
of the discrete event approach is more fully developed in the discussion of radiation
transport in Sections 6.1 through 6.4. For a more general description, see Ross [19]
or Law and Kelton [20].
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The previous examples of Markov processes assumed that the events were
independent of actual time. However, that assumption excludes many physical
systems. In a Poisson process, time is considered to be continuous, t = [0, ∞),
and the random variable X (t) counts the number of occurrences of a specific event
between times 0 to t. One concrete example of such a process is the number of X
rays emitted during radioactive decay if the period of observation is much less than
the half-life of the radioactive element. Another well-known example is the arrival
of customers to a queue.

A Poisson process is defined by the following properties:

1. The number of events happening in two different time intervals
are independent.

2. X (t0 + t) − X (t0) depends only on t and not on t0 or X (t0).

3. Two or more events do not occur simultaneously.

The probability of at least one event happening in a time h → 0 is

p(h) = αh + g(h), (5.21)

where α > 0. What is the probability, Fm(t) = P{X (t) = m}, of exactly m events
occurring in the time interval 0 to t? From property 1 above, the probability of no
events occurring in the time period t + h is given by

F0(t + h) = F0(t) × F0(h)

and using the fact that no events at time h is given by (1 − p(h)),

F0(t + h) = F0(t)(1 − p(h)).

Subtracting F0(t) from each side and dividing by h yields

dF0(t)

dt
= F0(t + h) − F0(t)

h
= −F0(t)

p(h)

h
.

Using Equation 5.21,

lim
h→0

p(h)

h
→ α

gives

dF0(t)

dt
= −αF0(t) or F0(t) = const e−αt. (5.22)

If the initial condition is that F0(0) = 1, then the constant in Equation 5.22 is 1 and
the probability of exactly no events at time t is

F0(t) = e−αt. (5.23)
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Following a similar analysis for each value of m, it can be shown that

Fm(t) = αmtm

m!
e−αt. (5.24)

Thus, X (t) follows a Poisson distribution with parameter αt (see Section 2.2.3).
The Poisson process is an example of a continuous time Markov process with

stationary transition probabilities. That is, for t > 0,

Pij(t) = P{X (t + u) = j|X (u) = i}; i, j = 0, 1, . . . ; (5.25)

and the Pij(t) are independent of u > 0. Other properties of the Markov chain
representing a Poisson process are

1. Pij(t) ≥ 0, t > 0;

2.
∑

j Pij(t) = 1, t > 0;

3.
∑

k Pik(t)Pkj(h) = Pij(t + h), t and h > 0;

4. limt→0 Pij(t) =
{

1 i = j
0 i �= j

.

The properties in 1–4 above imply that Pij(t) is differentiable for every t ≥ 0.

Birth Processes

The systems that Poisson processes model can be extended if one or more of the
assumptions listed prior to Equation 5.21 is relaxed. In a pure birth process, the
chance of an event occurring at time t is dependent on the number of events which
have already occurred. This is a relaxation of the assumption that events happening
in two different time intervals are independent. An example of a birth process is
the growth of a population of bacteria in a favorable environment with no mortality
or migration. The probability of producing new bacteria at any time t is directly
proportional to the population size.

Let X (t) denote the number of births in the time interval [0, t] with the ini-
tial condition that X (0) = 0. A birth process also describes a Markov process
with

Pi,j(h) = P{X (t + h) − X (t) = 1|X (t) = i} = λih + g1,i(h), j = i + 1,

Pi,i(h) = P{X (t + h) − X (t) = 0|X (t) = i} = 1 − λih + g0,i(h). (5.26)

Let the probability that exactly m births have occurred by time t,

Fm(t) = P{X (t) = m},
then it can be shown using Equation 5.26 that

dF0(t)

dt
= −λ0F0(t), (5.27a)

dFm(t)

dt
= −λmFm(t) + λm−1Fm−1(t), m ≥ 1. (5.27b)
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With the initial condition that F0(0) = 1, Equation 5.27a can be solved to yield

F0(t) = eλ0t.

If all the λm ≥ 0 and the initial conditions are Fm(0) = 0 for m > 0, then Equation
5.27b can be integrated to obtain

Fm(t) = λm−1e−λmt
∫ t

0
eλmuFm−1(u) du. (5.28)

Returning to the example of multiplying bacteria, let there be one bacterium
present at t = 0. Assume that the probability of a bacterium splitting into two in a
time interval h is

p(h) = αh + g(h), α > 0,

and that each bacterium is independent and does not interact with any other
bacteria. Then, using the binomial theorem,

P{X (t + h) − X (t) = 1|X (t) = m} =
(

m + 1
1

)
(αh + g(h))(1 − αh + g(h))m

= (m + 1)αh + gm(h).

Comparing with Equation 5.26, λm = (m + 1)α and

dFm(t)

dt
= −α((m + 1)Fm(t) − mFm−1(t)), m = 0, 1, . . . , (5.29)

with initial conditions F0(0) = 1 and Fm(0) = 0, for m > 0. Equation 5.29 may be
integrated to find the probability that exactly m new bacteria are produced at time t,

Fm(t) = e−αt(1 − e−αt)m, m ≥ 0. (5.30)

The time between consecutive dividings of the bacteria is exponentially distributed
with parameter (m + 1)α.

Birth/Death Processes

The population of a system can decrease as well as increase with time. For example,
the number of bacteria in a culture changes with time through death and migration,
as well as the splitting of individual bacterium. Or a population can change through
mutation, as well as through splitting. These systems are described as birth/death
processes and are also examples of a Markov process with stationary transition
probabilities,

Pij(t) = P{X (t + u) = j|X (u) = i}.

All the Pij ≥ 0 and as before,
∑∞

j=0 Pij(t) = 1. However, now there are both rates
of births, λi, and rates of deaths, µi. Let µ0 = 0 and λ0 = 0 with µi, λi > 0 for
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i = 1, 2, . . . , then the transition probabilities for small time, h → 0, are given by

Pij(h) = λih + g1,i(h), j = i + 1,

Pii(h) = 1 − (λi + µi)h + g0,i(h),

Pij(h) = µi + g−1,i(h), i ≥ 0, j = i − 1. (5.31)

Since the process is Markovian,

Pij(t + u) =
∞∑

k=0

Pik(t)Pkj(u). (5.32)

To determine the probability that the system is in state m,

Fm(t) = P{X (t) = m}, (5.33)

we need to know the probability distribution of the initial state. Let Ii = P{X (0) = i}
be the probability of being in state i at t = 0, then

Fm(t) =
∞∑

i=0

IiPim(t). (5.34)

Using Equation 5.34, it can be shown that the amount of time, Tj, that the system
stays in state j is distributed exponentially:

Wj(t) = P{Tj ≥ t},
Wj(t) = e−(λj+µj)t. (5.35)

To simulate a birth/death process, the parameters λi and µi need to be assigned
for all the possible states in the system. Let the system begin in state i and remain
there for a period of time t1. This time, t1, is sampled from the exponential function
given by Equation 5.35. The decision to move to states i + 1 or i − 1 is governed
by the probabilities pi = λi/(λi + µi) and (1 − pi) = µi/(λi + µi), respectively. The
sampling of the time interval in the next state, i ± 1, is again done from Equation
5.35. A chain of states or realization is simulated until the elapsed time is large or
the system is no longer of interest. One possible path is given in Table 5.1. A set of
these paths represents the Pij(t) given by Equations 5.31.

An example of a birth/death process is given by a collection of N spin particles,
where each particle can either be spin up or spin down. The conversion from one
spin to the other is spontaneous and a change from an up spin to a down spin can
be considered a death of the up spin. Let X (t) represent the number of up spins at
time t,

X (t) = i, 0 ≤ i ≤ N.

The probability that the population changes in the time interval (t, t + h) is

p(h) = αh + g(h),
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Table 5.1 A part of a chain of states or realization for a birth/death process.

State, X(t) Time interval

i 0 < t < t1

i − 1 t1 < t < t1 + t2

i − 2 t1 + t2 < t < t1 + t2 + t3

i − 1 t1 + t2 + t3 < t < t1 + t2 + t3 + t4

.

.

.
.
.
.

where α > 0. If a change in state occurs, i.e. the population of up spins changes,
then several events must occur. The probability that an up spin is selected is i/N
and the probability that it is converted to a down spin is β1. The probability that a
down spin is chosen is 1 − i/N and the probability that it changes to an up spin is
given by β2. So, for the selected spin to result in an up spin one of two possible
scenarios must occur:

1. The spin was an up spin and no change occurred with probability i
N

(1 − β1).

2. The spin was a down spin and was converted with probability (1 − i/N)β2.

The conditional probability that at time (t + h) the population of up spins has
increased by 1 given that X (t) = i is

(
1 − i

N

)(
i

N
(1 − β1) +

(
1 − i

N

)
β2

)
,

since an increase in up spins means the death of down spins. Likewise, the condi-
tional probability that at time t + h the population of up spins has decreased by 1
given that X (t) = i is

i

N

((
1 − i

N

)
(1 − β2) + i

N
β1

)
,

since an up spin had to die.
The birth/death process has a finite number of states, 0 ≤ i ≤ N and at each

change of state i, the birth rate is given by

λi = α

(
1 − i

N

)(
i

N
(1 − β1) +

(
1 − i

N

)
β2

)
,

and the death rate is given by

µi = α
i

N

(
i

N
β1 +

(
1 − i

N

)
(1 − β2)

)
.
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An alternative method of modeling spin systems is described in Chapter 7.
The transition probabilities for birth/death processes are described by a system

of differential equations called the backward Kolmogorov differential equations:

P0j(t)

dt
= −λ0P0j(t) + λ0P1j(t),

Pij(t)

dt
= µiP(i−1)j(t) − (λi + µi)Pij(t) + λiP(i+1)j(t), i ≥ 1, (5.36)

with Pij(0) = δij. These equations may be derived using Equations 5.31 and 5.32 and
by decomposing a time interval (0, t + h) into two time intervals (0, h) and (h, t + h).
Then each of the new time intervals are analyzed separately. Alternatively, the
forward Kolmogorov differential equations can be derived by considering a time
interval (0, t + h) divided into periods (0, t) and (t, t + h). Such an analysis yields,

Pi0(t)

dt
= −λ0Pi0(t) + µ1Pi1(t), (5.37)

Pij(t)

dt
= λj−1Pi(j−1)(t) − (λj + µj)Pij(t) + µj+1Pi(j+1)(t), j ≥ 1.

However, a birth/death process can be simulated without ever deriving and solving
either Equation 5.36 or 5.37. As described above, an event, birth or death, is chosen
from the appropriate distribution function. The time interval of each new random
event can be sampled from the appropriate exponential distribution and the system
moved forward by this time to create one step in a realization of a Markov chain
of events.

Absorbing States

The birth/death process can be further generalized by allowing a constant rate
of migration in or out of the system in addition to birth and death. Another very
important generalization is that of an absorbing state or states. An absorbing state
is one in which λm = 0 or once entered, the state m can never be left and the
Markov process ends.

An example of such a process is when a closed system, for example, a bacteria
culture, has only growth and death without any external intervention. If the
population reaches 0, the culture is dead. This is not a certain outcome, since,
depending on the rates of each event, the system may wander forever among the
nonabsorbing states.

To analyze the likelihood of eventual absorption, consider a system where λi is the
birth rate for state i and µi is the death rate. Let Ai be the probability of absorption
into state 0, the absorbing state, from state i, where i ≥ 1 and 0 ≤ Ai ≤ 1. As
discussed previously, a change of state to i + 1 occurs with probability λi/(µi + λi)
or it changes to i − 1 with probability µi/(µi + λi). If it is assumed that A0 = 1, i.e.
once state i = 0 is reached it is not left, a recursion for Ai can be developed:

Ai = λi

(µi + λi)
Ai+1 + µi

(µi + λi)
Ai−1. (5.38)
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Rewriting Equation 5.38 as

Ai+1 − Ai = µi

λi
(Ai − Ai−1), (5.39)

it can be iterated starting at j = 1 to obtain all the contributions from previous
states to j = i. Summing all the states from i = 1 to i = m yields

Ai+1 − A1 = (A1 − 1)
m∑

i=1


 i∏

j=1

µj

λj


 , (5.40)

where m ≥ 1. If we assume that 0 ≤ A1 ≤ 1, then the summation on the right-
hand side of Equation 5.40 must be less than infinity and Am is decreasing and
approaches 0 as m → ∞. Letting m → ∞, Equation 5.40 can be solved for A1:

A1 =

∞∑
i=1


 i∏

j=1

µj/λj




1 +
∞∑

i=1


 i∏

j=1

µj/λj




. (5.41)

Using this result, the probability for absorption into state 0 from state m + 1,
m ≥ 1 is

Am+1 =

∞∑
i=m+1


 i∏

j=1

µj/λj




1 +
∞∑

i=1


 i∏

j=1

µj/λj




. (5.42)

We can also calculate the mean time to absorption using Equation 5.35. Since
the waiting time that the system spends in each state i is exponentially distributed,
the mean waiting time is given by (µi + λi)−1. A recursion relationship can be
developed for wi, the mean absorption time starting from state i,

wi = 1

µi + λi
+ λi

µi + λi
wi+1 + µi

µi + λi
wi−1. (5.43)

Similar to the analysis above, Equation 5.43 is rewritten as

wi − wi+1 = 1

λi
+ µi

λi
(wi−1 − wi),

and then iterated and summed over all states. Eventually, it can be shown that the
mean time to absorption from state 1 is

w1 =
∞∑

i=1

1

µi

i−1∏
k=1

λk

µk
. (5.44)
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As an example of a birth/death process with an absorbing state, consider
an isolated bacteria culture. The culture exhibits a linear growth in population
proportional to its size, λm = mα, and is balanced by a linear decrease in size,
µm = mβ, due to death. The probability that the population size at time t is m is
given by

Fm(t) = P{X (t) = m},

with the initial condition that at t = 0, X (t) = i. However, depending on the values
of α and β, the culture can die out, X (t) = 0. The probability of absorption from any
state can be calculated from Equation 5.42 for m ≥ 1:

Am =



(
β

α

)n

β < α

1 β ≥ α.

If β > α, the mean time until absorption from state m = 1 can be calculated from
Equation 5.44,

w1 =
∞∑

i=1

1

i

(
α

β

)i−1

,

which can be reduced to

w1 = −β

α
log

(
1 − α

β

)
.

5.2.4
Brownian Motion

In the early nineteenth century, an English botanist, Mr Brown, published his
observation that small particles floating in still water moved ceaselessly in an
erratic pattern. Later, Einstein postulated that the particles were colliding with
the water or solvent molecules and derived a mathematical description based on
physical laws.

In one dimension, let X (t) represent the position (x coordinate) of a particle at
time t. The quantity p(x, t|x′) represents the conditional probability that X (t + t′) = x
given that X (t′) = x′ and that the transition is stationary in time. The conditional
probability satisfies

p(x, t|x′) ≥ 0 and
∫ ∞

−∞
p(x, t|x′) dx = 1.

Furthermore, as t → 0, the new position of the particle, x, is likely to be near the
previous position, x′,

lim
t→0

p(x, t|x′) = 0, for x �= x′.
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Physically, the conditional probability must satisfy the differential equation

∂p(x, t|x′)
∂t

= D
∂2p(x, t|x′)

∂x2
, (5.45)

where D is the diffusion constant. This equation can be solved directly to yield

p(x, t|x′) =
√

D
πt e

−D(x−x′)2/t. (5.46)

However, Brownian motion can also be considered as an example of a continuous
time, continuous state space Markov process. This can be modeled as a discrete
random walk where the steps in the random walk represent the time increments.
Let the particles move on a lattice in one dimension and pj(m) be the probability
that a particle is j lattice points to the right (j > 0) of its initial position at time m.
Assuming that a move to the right or left is equally likely, a recursion for pj(m) may
be derived:

pj(m + 1) = 1
2 pj+1(m) + 1

2 pj−1(m).

This can be rewritten by subtracting pj(m) from each side to give

pj(m + 1) − pj(m) = 1
2 (pj+1(m) − 2pj(m) + pj−1(m)). (5.47)

If the time between transitions, δ, and the size of the steps, h, are allowed to
decrease toward 0 such that δ = h2, Equation 5.47 becomes

pjh((m + 1)δ) − pjh(mδ)

δ
=

1
2 (p(j+1)h(mδ) − 2pjh(mδ) + p(j−1)h(mδ))

δ
,

which is the discrete analog of Equation 5.45. Thus, as in the case of Poisson
processes, a discrete random walk can be used to represent the solution to a
differential equation.

The properties of Brownian motion can be summarized as follows:

1. The change in position X (t + t′) − X (t′) is distributed as a Gaussian with a
mean of zero and a variance given by D/t.

2. For any pair of disjoint time intervals, [t1, t2] and [t3, t4], the changes in
position, X (t2) − X (t1) and X (t4) − X (t3), are independent random variables
distributed as in 1.

The discrete random walk in one dimension is defined by assigning the prob-
abilities of a move to the right, to the left, and for staying in place. For classic
Brownian motion, the probability of moving in either direction is 1

2 and for staying
in place is 0. The random walk can be modified by changing the probabilities and
by restricting the states (positions) that can be visited. For example, the states can
be restricted to the nonnegative integers and by giving the zero state a special
meaning. If the probability of moving to the zero state is p0(m) = 1, then the zero
state is a reflecting barrier. A move to zero is always followed by a move to state 1.
If p0 = 0, a move to the zero state means absorption and the random walk ends.
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If 0 < p0(m) < 1 and the probability of staying in place is nonzero, the zero state
becomes a partially reflecting boundary. Other states can have similar behavior as
well.

Of course, Brownian motion occurs in more than one dimension. A straightfor-
ward generalization to n dimensions is possible. Consider a set of integral lattice
points in n-dimensional Euclidean space. A point is represented by k = (k1, . . . , kn).
The random walk develops by moves to a nearest neighbor with the transition
probability given by

Pk� =



1

2n

∑n
i=1 |�i − ki| = 1

0 otherwise.
(5.48)

5.3
Integral Equations

The discussions up to now have shown that random walks can represent various
systems whose behavior is described by differential equations; i.e. Brownian mo-
tion and the diffusion equation or generalized Poisson processes, and the forward
and backward Kolmogorov differential equations. However, there are some very
important problems that are most properly described by integral equations such
as transport phenomena; we shall develop random walk techniques that will allow
their solution using Monte Carlo methods as well. Indeed, we shall be motivated
to reformulate problems into integral equations so as to be able to exploit the use
of random walks.

5.3.1
Radiation Transport and Random Walks

To clarify the relationship between a random walk and an integral equation, let us
outline in the sparsest possible way the steps needed to perform a Monte Carlo
simulation of radiation transport.

1. Formulate a description of the sources of radiation. Interpret that description
as a probability distribution function. Sample the probability distribution
function to specify initial values of the coordinates in the simulation.

2. Formulate the tracing of a path and the description of interactions between
elements of radiation and medium. Sample the probability distribution
function for distance traveled and various probabilities to determine whether
and what kind of radiation continues the process.

3. Repeat step 2 until either the radiation disappears (is absorbed) or becomes
uninteresting.

4. During the iteration of step 2 count up interesting events to record physical
results.
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Steps 1–3 are, in effect, rules for carrying out a random walk of an object that moves
from one point to another in a space of coordinates that describe the radiation.
A minimal mathematical description of this requires four elements. First, we
characterize the space on which the walk is defined. For present purposes, it can
be Rn; some readers will find it convenient to visualize the random walk on the real
line.

Second, we need a description (i.e. a probability distribution function) of the
‘‘source.’’ This is a function

S(X ) ≥ 0,∫
�

S(X ) dX = 1. (5.49)

The normalization is convenient and, as will be seen, implies no loss of generality.
The third element is a stochastic rule for moving from one point (say X ′) to

another (call it X ). This will be a distribution function T(X |X ′) for sampling a
new point X when the previous point of the walk was X ′. Note that a similar kind
of transition distribution was introduced in Section 3.7 and again in Section 5.2
describing the M(RT)2 random walk. We shall require

T(X |X ′) ≥ 0,∫
T(X |X ′) dX ≤ 1. (5.50)

That T is not normalized to 1 permits the possibility that the walk terminates (at
X ′ with probability 1 − ∫

T(X |X ′) dX ).
The fourth element in our formulation is some variable of interest that we wish to

know, at least conceptually. One general quantity will be the distribution of arrivals
at X , χ(X ). That is, summing over all steps of the random walk and averaging over
all possible walks, the expected number of times that a point is sampled within a
region � is

∫
�

χ(X ) dX .

Recall that the walk starts with an X (call it X 0) sampled from S(X 0). Then, if not
absorbed3), it moves to X 1 sampled from T(X 1|X 0). In general T(X n|X n−1) governs
the nth move. The arrival at X can occur either because it was sampled from S or
because it moved to X from an earlier point (call it Y ). The total average distribution
at X is the sum of these two:

χ(X ) = S(X ) +
∫

T(X |Y )χ(Y ) dY . (5.51)

3) Absorption has the same meaning here as it did with Poisson processes; that is, the random walk
ends.
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The integral term on the right-hand side is the average distribution arrival at X
from the next earlier arrival: χ(Y ) dY is the chance that there was an arrival in dY ;
T(X |Y ) is the probability that this was followed by a move to X ; one integrates over
Y to average over all possible positions of the previous move.

Equation 5.51 is then an equation that describes the average behavior of the
random walk. In a sense, since the outcome is a series of points X 0,X 1,X 2, . . .,
the random walk can be regarded as a device for sampling the function χ that
is the solution of Equation 5.51. This is analogous to the procedure used by
M(RT)2, but there is one vital difference. In the latter the distribution function was
prescribed. Now, χ is in general unknown. In M(RT)2 we did not use a specific S,
and the correctness of the sampling is true asymptotically. Here S is part of the
description, and the correctness of the sampling requires that every X n generated
in the walk be used. Like earlier sampling procedures, the set {X nm} of points
obtained from repetitions m = 1, 2, . . . , M of the whole random walk may be used
to form estimators of integrals. That is, if

G =
∫

g(X )χ(X ) dX , (5.52)

where χ is the solution of Equation 5.51, then the quantity

GM = 1

M

M∑
m=1

N∑
n=1

g(X nm) (5.53)

is an estimator for G in the (by now familiar) sense that

〈GM〉 = G, (5.54)

where the expectation implies averaging over all stochastic events that underlie the
random walk.

5.3.2
The Boltzmann Equation

The fundamental equation that underlies the transport of radiation in matter is the
Boltzmann equation and it expresses the equation of continuity:

production = losses + leakage.

Clearly, the ideas of Section 5.3.1 apply to the random walk that describes succes-
sive observations of radiation passing through matter. We use position X , energy
E, direction �, and time t to specify completely the state of the photon, neutron,
etc. and call P = (X , E, �, t) the point that characterizes that state. χ(P) will be
the distribution with which radiation may be observed to emerge either from the
source S(P) or from a previous collision at P′ followed by a flight from X ′ to X and
a collision that changes E′ to E and �′ to �. We shall call the transition distribution
K(P′ → P) in this case. Then the ideas introduced in Section 5.3.1 transcribe to
yield the integral equation
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χ(P) dP = S(P) dP +
∫

K(P′ → P)χ(P′) dP′ dP. (5.55)

The first term is simply the source contribution at P. The second term is the
average contribution from processes in which radiation emerging from a previous
collision (or source) at P′ arrives at P and emerges from collision there. The total
radiation from the next collision is, of course, averaged over all possible P′ that can
contribute at P. Equation 5.55 is the linear Boltzmann equation in integral form.
The Monte Carlo simulation of radiation transport amounts to solving 5.55 by a
random sampling method.

Any average quantity of interest that derives from radiation transport can be
obtained by appropriate averages over χ(P) dP. An expected value is defined as

G =
∫

g(P)χ(P) dP, (5.56)

where g(P) is related to both the medium and the nature of the quantity to be
determined. An estimator GM may be formed as in Equation 5.53, which permits
Monte Carlo computation of G to be made using the steps Pnm of the numerical
random walks. A subject of considerable theoretical and practical interest is the
formulation of functions g(P) that permit results of engineering interest to be com-
puted efficiently. We omit discussion of this here except for one trivial example:
if one wishes to determine that fraction of radiation that escapes into a vacuum
from a convex medium, one has only to count the cases where that occurs; that
is, g(P) = 0 when X is ‘‘inside’’ a medium and g(P) = 1 when X is ‘‘outside.’’ The
walk may be terminated on escape.

5.4
Variance Reduction

In many problems of interest the chance that the random walk reaches that region
where an answer is obtained is small. The prototypical case is that mentioned at the
end of Section 5.3.2: one wishes to calculate the escape of radiation from a ‘‘thick’’
medium in which many collisions must have an unlikely favorable outcome for
the walk to contribute to the estimator. That is, for a fraction of steps very close to
1, g(P) is 0. We seek methods to influence the random walk to make a favorable
outcome rather likely.

5.4.1
Importance Sampling of Integral Equations

The problem has an analogy to importance sampling as used to reduce the variance
in Monte Carlo quadrature (cf. Section 4.1). If

G =
∫

g(x)f (x) dx
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is to be calculated, sample f̃ (x) and rewrite

G =
∫

g(x)f (x)

f̃ (x)
f̃ (x) dx.

A favorable f̃ (x) will be one that is as nearly proportional to |g(x)|f (x) as can
technically be achieved. The Monte Carlo is improved when x is sampled so as to
occur more often when the integrand is large, that is, when the contribution to the
answer is large.

We shall employ a similar strategy here. First, we shall alter the distribution
with which collisions are sampled in the hope of making them occur prefer-
entially where contributions to the answer required are expected to be large.
Second, we shall analyze what characterizes expected contributions. This is a
more complicated question here since the random walk may have to make a
number of steps in regions where g(P) = 0 before arriving at a region where
g(P) > 0.

To achieve a modification of the collision distribution, we introduce an impor-
tance function I(P) ≥ 0 and multiply Equation 5.55 through by it. In the integral
term, we multiply and divide by I(P′) to obtain an integral equation for the product
I(P)χ(P), which plays the role of an altered collision distribution.

Define S0 by

S0 =
∫

I(P′′)S(P′′) dP′′;

then a new function χ̃(P) can be written in terms of S0 and I(P):

χ̃(P) ≡ I(P)χ(P)

S0

= S(P)I(P)

S0
+

∫
K(P′ → P)

I(P)

I(P′)
I(P′)χ(P′) dP′

S0
. (5.57)

This equation has the same formal structure as Equation 5.55, but the new source
term is

S̃(P) = S(P)I(P)

S0
, (5.58)

which is normalized to 1. The modified kernel is

K̃(P′ → P) = K(P′ → P)I(P)

I(P′)
; (5.59)

I(P′) must not vanish when K(P′ → P) does not. If we use Equations 5.58 and 5.59,
the integral equation in 5.57 becomes

χ̃(P) = S̃(P) +
∫

K̃(P′ → P)χ̃(P′) dP′, (5.60)
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and the definition of an expected value can be rewritten

G =
∫

g(P)χ(P) dP = S0

∫
g(P)
I(P)

χ̃(P) dP, (5.61)

with the further requirement that I(P) cannot vanish when g(P) does not. Any
linear functional that could be evaluated using Equation 5.52 can be evaluated by
means of Equation 5.61. The importance function modifies the path the radiation
travels since the path from P′ to P is now chosen from S̃(P) and from K̃(P′ → P).
For example, if I(P) > I(P′), the path will be biased toward P.
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6
Simulations of Stochastic Systems: Radiation Transport

In this chapter, we concentrate on simulations in just one area – the transport of
radiation. This is a well-researched field [1–4], where much work has been done.
The simulations use many of the techniques described previously in this book; it is
apparent that these techniques are applicable in other fields as well.

6.1
Radiation Transport as a Stochastic Process

The transport of radiation is a natural stochastic process that is amenable to
Monte Carlo modeling. To do so, it is not necessary even to write down the
equations that are actually being solved as was done in Chapter 5. The partic-
ular simulation that is discussed in detail is a simplification of the naturally
occurring process, and we first outline the assumptions and limitations of our
model. We restrict ourselves to considering only neutral radiation such as light,
X rays, neutrons, and neutrinos. The inclusion of charged particles such as elec-
trons, protons, and alpha particles (nuclei of the 4He atom) leads to a more
complicated simulation since the radiation no longer travels straight-line paths
between well-separated collisions. The details of the interaction of the radiation
with the medium are greatly simplified, and we neglect the effect the radiation
may have on the medium. For example, neutrons change most media through
transmutation of the nuclei. For this reason, the composition of a nuclear reactor
slowly changes with time, which will affect the paths of later neutrons. A feed-
back mechanism is established that makes the equations describing the radiation
transport nonlinear. Monte Carlo methods are not generally effective for nonlin-
ear problems mainly because expectations are linear in character. A nonlinear
problem must usually be linearized in order to use Monte Carlo techniques. In
most cases, the effect of transmutation is slow and the linearization is a good
approximation.

We treat explicitly a simple geometry in discussing a simulation, but we sketch
how more complicated geometries may be handled. Neutral radiation such as neu-
trons can be polarized since the neutron spin can have two different orientations,
described as spin up or spin down. Neutrons scatter differently depending on their

Monte Carlo Methods. Second Edition. M.H. Kalos and P.A. Whitlock
Copyright  2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40760-6
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Figure 6.1 The energy distribution of the X-ray photons.

polarization, but this is not an important effect and is ignored here. Finally, we
neglect crystal and similar effects on the transport of radiation. When the radiation
has a wavelength equal to the crystal spacing, the radiation waves diffract and the
pdf ’s for scattering change.

For the purposes of our discussion, we develop a simulation that models a
familiar situation: the behavior of X-ray photons that are involved in a dental X-ray
examination. These photons are initially produced by rapid deceleration of an
electron beam. The energy distribution of the X rays varies from some lower limit
to the highest energy of the electron beam, as shown in Figure 6.1. The energy
of any individual photon cannot be predicted. The electron beam is focused on
a target from which the X rays are emitted so the source is somewhat but not
perfectly localized in space (Figure 6.2). The direction of the X rays is, to some
extent, random. The electron beam is turned on and off as the X rays are needed
so that they are not produced steadily in time.

The independent variables in the system detailed above are the energy, position,
direction, and time of production of the photons. Each independent variable is
random and may be described by a pdf. As X rays move through a vacuum,
the spread in their direction makes their distribution decrease (asymptotically)
proportional to R−2. Once in matter, the photon may interact with an individual
atom; whether an interaction takes place, and with which atom, is a random

Figure 6.2 The collision of an electron beam on a target.
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Figure 6.3 An X-ray scattering upon interaction with an atom.

process. The interaction usually involves the photons exchanging energy with an
electron in the atom, which is effectively being scattered with reduced energy and
changed direction (Figure 6.3). The photon may also give up all its energy to an
electron, in which case it is considered to be absorbed and the history terminates.
A relative probability based on knowledge of the relative rates is assigned to each
event, scattering or absorption. An X-ray photon travels in straight lines until it
interacts with an atom, at which point it may disappear or scatter at random. The
scattered X ray is subject to the same processes as an original X ray of the same
energy. In this and any other simulation, we must posit the pdf ’s governing each
stochastic process that occurs. The distributions are deduced from theoretical and
measured properties of X rays. In some cases, educated guesses are used to fill in
gaps in the exact form of the distribution functions.

The life history of a photon is followed until the interest in it is lost or it is
terminated. Termination occurs when a photon is absorbed by an atom. X rays
that become too low in energy to have substantial later effects or that move far
enough away to have no appreciable chance of influencing the required answer
are also not considered. In summary, then, the process we wish to simulate is
an X-ray photon born at a random position, direction, and time, which travels in
straight-line segments whose lengths are random. The photon interacts with the
atoms constituting the medium at random, and its life history is concluded at
random.

An appropriate description of the radiation must be chosen for the simulation.
X-ray radiation can be considered as an ensemble of X-ray photons and neutron
radiation as an ensemble of individual neutrons. The simulation can be performed
by following the life history of a single photon or neutron. To specify completely
the state of an X-ray photon, the following variables are needed: three variables
for the position, two or three for the direction, an energy variable, and a time
variable. Thus, seven or eight independent variables are necessary.1) In practical
calculations, three variables are generally used for direction rather than, say, a polar
and azimuthal angle minimally needed. The values that the independent variables

1) When the geometry is simple, few variables may suffice. In slab geometry, one spatial coordinate
and one direction variable are enough. In steady-state problems, time may be ignored.



134 6 Simulations of Stochastic Systems: Radiation Transport

Figure 6.4 X rays incident upon a slab.

can assume determine an ensemble of states of the system. How do we describe the
states? Is it necessary to sample all the states in the ensemble in our simulation?

To answer the last question, we need to state clearly our objectives in doing
the simulation. For example, with regard to dental X rays, we can ask what dose
of radiation is received at a particular position upon turning on the X rays at a
prescribed voltage and for a known duration of time. Another possible objective
in simulating X-ray transport would be to determine the fraction of radiation that
passes through a slab of matter of known thickness d (Figure 6.4). Modeling of
nuclear radiation might try to predict the number of neutrons produced within a
reactor compared with the number introduced by an external source. A simulation
of a laser beam passing through dust could be used to predict how much of the
light is scattered and detected elsewhere. The information that is sought from the
simulation will indicate which states of the system must be sampled.

As stated above, seven or eight variables may be used to specify uniquely the
state of the radiation. The position coordinates may be taken as the Cartesian
coordinates (x, y, z). The direction of the radiation can be specified by the direction
cosines (�x , �y, �z). If the radiation is a beam of neutrons, the direction cosines
can be calculated from the particle velocities, for example,

�x = νx/(ν2
x + ν2

y + ν2
z)1/2.

An energy or equivalent variable must be given. In scattering visible light by an
atom, the energy of the photon hardly changes. Also, in dental X rays, it is often
the total dosage of radiation that is of interest, not the dosage as a function of time.
This assumes, very reasonably, that the patient or technician does not move far as
the photons traverse his or her body.

Once the system to be simulated has been clearly defined and the type of informa-
tion wanted from the simulation is known, the structure of an appropriate code can
be devised. For the simulation of dental X rays, a possible structure is as follows:

1. Pick a set of source variables (initial state of system).

2. Follow the X ray until it interacts with an atom.

3. Determine whether the X ray scatters.

– if so, repeat from step 2;

– if not, terminate the history.
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Steps 2 and 3 are repeated until the X-ray photon is absorbed or is no longer
capable of effecting the answer to any appreciable extent.

4. Repeat the whole process from step 1 as many times as necessary to achieve
the accuracy needed for the solution.

5. Take arithmetic average of answers of all the histories.

6.2
Characterization of the Source

To realize step 1, sampling schemes must be developed for selecting the initial
values of the independent variables from a source probability distribution function.
In general, there exists a pdf for the production of radiation per unit volume, per
unit direction, per unit energy, and per unit time:

S(x, y, z, �x , �y, �z, E, t).

We assume here that the source pdf can be factored into a product of pdf ’s, that is,
position, direction, energy, and time are independent of one another:

S = Sx(x, y, z)S�(�)SE(E)St(t). (6.1)

This assumption simplifies our discussion; there are, however, important problems
where factorization is not possible. In our simulation, we assume that the X rays
are produced by what is termed a point source; that is, the X rays are created at
the spatial point (x0, y0, z0). We assume (incorrectly) that each photon has the
same energy E0. The variables (x, y, z) and E are then perfectly determined. The
appropriate pdf ’s are

Sx = δ(x − x0) δ(y − y0) δ(z − z0) (6.2a)

and

SE = δ(E − E0). (6.2b)

The X rays are produced by turning on the electron beam at t1 and turn-
ing it off at t2; this results in a pulse of X rays in the time interval (t2 − t1)
(Figure 6.5). We assume it to be constant during that period. The corresponding
pdf is

St(t) =



1

t2 − t1
, t1 < t < t2

0, otherwise.

We take the intensity of X rays to be uniform in all possible directions, so
S�(�) = 1

4π
. In pseudocode, the sampling of the initial values of the system’s

independent variables for a point source is,
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Figure 6.5 X-ray intensity as a function of time.

x = x0
y = y0
z = z0
energy = energy0
t0 = t2 + (t2 − t1)*rand(u)
phi = 2.*pi*rand(u)
omegaz = 1. − 2.*rand(u)
omegax = sqrt(1. − omegaz**2)*cos(phi)
omegay = omegax*tan(phi)

Again, it is assumed that each time the pseudorandom number generator, rand(), is
called a new number is supplied. After some experience in simulation, one can code
the selection of initial values without the necessity of writing down the source pdf ’s.

6.3
Tracing a Path

The next step is to follow the path of a photon until it has an interaction. The
essential feature here is that X rays travel in straight lines until the interaction; so
the change in position coordinates and time can be written down immediately as

x = x0 + �x × S,

y = y0 + �y × S,

z = z0 + �z × S,

t = t0 + S/ν,

where ν is the radiation velocity and S is the distance to the next interaction with
an atom. The probability per unit path length of having an interaction, �T , is a
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property of the material and does not change with the distance the photon has
traveled, at least to the point where the medium changes:

�T (X , E) = probability per unit length along the X-ray path for any interaction.

As a consequence, the distribution of the distances, S, is exponential in homoge-
neous materials. The probability U(S|�, E,X 0) that the first interaction is at S′ > S
is conditional upon the initial values of �, E, and X 0 through the properties of the
materials that are encountered in the path. The function U(S|�, E,X 0) is the com-
plement of a cumulative distribution. For the moment, we ignore the conditional
dependencies of U and consider only its behavior with respect to S. The value of U
at some S1 can be written as

U(S1) = U(S2) + P{S2 ≥ S > S1} for S2 > S1, (6.3)

and P{· · ·} is the probability that an interaction occurred between S1 and S2.
Equation 6.3 may be rewritten as

U(S1) − U(S2) = U(S1)P{S2 ≥ S > S1|S > S1},
where P{· · ·} is now the conditional probability that an interaction occurred if
S > S1. For small values of S2 − S1, the conditional probability that an event
occurred is just the probability per unit length, �T (X , E), multiplied by (S2 − S1)
plus higher-order terms:

U(S1) − U(S2) = U(S1)�T (S1)(S2 − S1) + O(S2 − S1)2. (6.4)

Upon taking the derivative of Equation 6.4 with respect to S2, we find

−U′(S) = U(S)�T (S)

(the subscript on S has been dropped) or

−U′(S)

U(S)
= − d

dS
log U(S) = �T (S). (6.5)

Equation 6.5 can be integrated to yield the distribution function for S,

− log U(S) + log U(0) =
∫ S

0
�T (S′) dS′.

Since we know that exactly one interaction must take place for S > 0, U(0) = 1,
and

U(S) = exp
[
−

∫ S

0
�T (S′) dS′

]
. (6.6)

In a homogeneous medium, �T is independent of S′ so that

U(S) = exp[−�T S]; (6.7)

therefore, the S′s are indeed exponentially distributed.
Recall that U(S) is the probability that an interaction takes place after a flight

through a distance greater than S. We obtain a probability distribution function for
the values of S by differentiating Equation 6.7:
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−dU(S)

dS
= exp

[
−

∫ S

0
�T (S′) dS′

]
�T (S), (6.8)

where the first factor on the right-hand side is the marginal probability that the path
gets as far as S and the second term is the conditional probability that a collision
occurs in dS at S. The distribution function is the probability of having a collision
in a unit length along a ray at S.

For the purposes of the simulation, we need to decide how to sample the next
event. As was discussed in Chapter 3, we can sample for a next event by equating a
uniform random variable to a (cumulative) distribution function:

1 − U(S) = ξ′ = 1 − ξ. (6.9)

If the variable ξ is uniformly distributed, then 1 − ξ is also uniformly distributed
and Equation 6.9 becomes

U(S) = ξ = exp
[
−

∫ S

0
�T (S′) dS′

]
(6.10a)

or

− log ξ = +
∫ S

0
�T (S′) dS′. (6.10b)

For the case of a homogeneous medium, �T (S) is constant, so

− log ξ = �T S (6.11a)

and

S = − log ξ/�T . (6.11b)

We must sample the distance S from an exponential distribution. (The same idea,
that an event has a fixed chance to occur per unit time or distance or whatever no
matter how long you wait, occurs in many circumstances. The idea has frequent
application in queuing theory.) In most situations, the radiation travels through a
medium that is a composite of several materials, each with its own value of �T .
Consider a ray and its direction in the medium as in Figure 6.6. To sample a next

Figure 6.6 An X ray traveling through a composite medium.



6.3 Tracing a Path 139

event, we must locate each distance to a boundary between two media, for example,
S1, S2, . . ., with S being the total distance traversed. A uniform random number ξ

is sampled and − log ξ is compared with �1S1. If

− log ξ < �1S1, then − log ξ = �1S, where S < S1;
else, test whether

�1S1 < − log ξ < �1S1 + �2S2; − log ξ = �1S1 + �2(S − S1),

where S < S1 + S2. That is, we want to find the � such that

�−1∑
j=1

�jSj ≤ − log ξ <

�∑
j=1

�jSj, (6.12)

and then S is given by

S =
�−1∑
j=1

Sj −


�−1∑

j=1

�jSj + log ξ




��

, (6.13)

where Sj is a partial distance in the jth medium encountered. The procedure is
equivalent to finding that S where − log ξ intersects

∫ S
0 �T (S′) dS′ as shown in

Figure 6.7. The procedure in Equation 6.12 is easily programmed recursively.
By using the type of analysis just described, it is very easy to sample for a next

event in a complicated geometry. The major requirement is to be able to decide
when a ray has intersected a surface. A quadric surface requires solving a quadratic
equation; a linear surface requires solving a linear equation. The round-off error in
such calculations can become serious, so that the intersections will be erroneously
determined. The programming of a complicated geometry can be simplified by
taking advantage of repetitive geometries, for example, latticelike structures. The
ability to describe almost any geometry leads some naive users to include every
nut and bolt in the simulation. This is clearly not necessary, and the user must be
sufficiently objective and experienced to be able to decide what is important.

Figure 6.7 Finding the value of S where a next event will occur.
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So far we have discussed the X-ray source, the appropriate means to sample
initial coordinates at random, and the straight-line transport of neutral radiation.
As mentioned earlier, charged radiation does not travel in straight-line paths but
continually changes its direction with interactions. An electron is deflected when
it passes an atom and in addition it steadily loses energy, which leads to winding
paths. Though the description of the transport of charged radiation is technically
more complicated than that of neutral radiation, the nature of the simulation
parallels what we are discussing here [5].

6.4
Modeling Collision Events

Eventually, the neutral radiation does interact with the atoms of the substance it
is passing through. The exact outcome of the collision depends on the nature of
the radiation; for example, a light photon will usually scatter, whereas X-ray and
γ-ray photons will interact with the atom in a more significant way. To model the
collision, the first step is to enumerate the possible events, then assign a probability
to each class of events, and finally decide which events are important enough to be
included in the simulation.

Suppose only two events can occur upon collision. The radiation can be absorbed
by the atom, which will then either re-emit some other radiation or convert the
radiation energy to heat energy that is dissipated locally. For the moment, we
suppose that our interest in the photon ceases upon absorption. The second event
is the scattering of the radiation by the atom. The scattered radiation changes
direction and loses energy, but for now we do not include the latter effect explicitly
in our discussion. Now that we have enumerated the possible events, we can assign
a probability for scattering and absorption for the radiation at its particular energy
in the medium. If

ξ < prob{absorption}, absorption occurs;

otherwise, a scattering event occurs. If scattering happens, then the path of the radia-
tion is continued as before but the direction of flight may be changed, allowing colli-
sions to occur at random until the radiation is absorbed or leaves the area of interest.

Both neutrons and X-ray photons tend to scatter preferentially in the forward
direction in most materials; the azimuth is uniformly distributed (for unpolarized
radiation). The coordinates appropriate for the scattered X rays are shown in
Figure 6.8. The quantity � is the unit vector in the old direction, θ is the scattering
angle measured from �, and φ, the azimuthal angle, is chosen uniformly. In most
simulations, cos θ is the natural variable for the pdf. As an example, consider a
material in which scattering is isotropic in the forward hemisphere; the appropriate
distribution function is

f (cos θ) d(cos θ) =
{

2 cos θ d(cos θ), 1 > cos θ > 0
0, cos θ < 0.
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Figure 6.8 The coordinates for the scattered X rays.

The new direction of the radiation is chosen by sampling cos θ from the equations
above and then sampling φ = 2πξ. The old direction cosines were (�′

x , �′
y, �′

z); the
new direction cosines are given by

�x = sin θ√
1 − �′2

z

[�′
y sin φ − �′

z�
′
x cos φ] + �′

x cos θ,

�y = sin θ√
1 − �′2

z

[−�′
x sin φ − �′

z�
′
y cos φ] + �′

y cos θ, (6.14)

�z = sin θ

√
1 − �′2

z cos φ + �′
z cos θ.

The set (�x , �y, �z) is not unique – Equation 6.14 results from a particular choice
of the origin of φ – but does satisfy

� × �′ = cos θ (6.15a)

and

�2
x + �2

y + �2
z = 1. (6.15b)

Equations 6.14 are not stable numerically, and the normalization given in Equation
6.15b tends to drift from 1 after repeated usage of Equations 6.14. The (�x , �y, �z)
must be periodically renormalized. The von Neumann rejection technique (cf.
Chapter 3) can be profitably used to choose sin φ and cos φ, especially since they
occur in association with a square root. If by chance �′

z = 1, Equations 6.14
become indeterminant; this can be overcome by cyclic permutations of x, y, z in
the equations. This change is also worth carrying out if �′

z is close enough to 1 to
produce significant round-off error.

In addition to the two events discussed above, γ rays can also undergo a process
termed Compton scattering, in which a γ ray photon interacts with an individual
electron in the atom (Figure 6.9). The γ-ray is scattered, and the electron is ejected
from the atom due to its increase in energy. Let E′ be the energy of the γ-ray
photon; then the Compton wavelength before scattering is

Figure 6.9 Compton scattering of γ rays.
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λ′ = mec2

E′ , (6.16)

where me is the electron rest mass. Following scattering, the Compton wavelength
will be designated by λ. The joint probability of being scattered into dλ and a solid
angle d� is

dσ = 3

16π
σT

[(
λ′

λ

)2 {
λ

λ′ + λ′

λ
+ (λ′ − λ)2 − 2(λ − λ′)

}]

× δ(cos θ − 1 + λ − λ′) × d� dλ (6.17)

where σT is termed the Thomsen cross section. The quantity δ(cos θ − 1 + λ −
λ′) is the Dirac delta function, which couples � and λ as required by the
conservation of energy and momentum. The expression in Equation 6.17 is
the probability function for a γ-ray photon interacting with an electron and
must be sampled in the simulation of γ rays. The Dirac delta function requires
that

λ − λ′ = 1 − cos θ (6.18a)

or

λ = (1 − cos θ) + λ′, cos θ ≥ 0, (6.18b)

which is termed Compton’s law. From Equation 6.18b we see that λ > λ′, so E < E′

(cf. Equation 6.16) and the γ-ray loses energy.

6.5
The Boltzmann Equation and Zero Variance Calculations

In Chapter 5, the characterization of the source, the tracing of the photon paths,
and the modeling of collision events described above were shown to correspond to
the integral form of the Boltzmann equation,

χ(P) dP = S(P) dP +
∫

K(P′ → P)χ(P′) dP′ dP, (6.19)

where χ(P) is the distribution of arrivals at point P. The term S(P) dP is the source
contribution at P = (X , E, �, t). The integral represents the average contribution
from events in which radiation emerges from P′, arrives at P, and undergoes
a collision there. It was further shown in Chapter 5 that the variance of some
quantity of interest could be reduced by introducing an importance function into
the integral equation. This idea is developed further to show that in principle
importance sampling can lead to a zero variance calculation.

Suppose we are given an element of radiation somewhere. What is its chance
of contributing to the quantity of interest? Let J(P) equal the expected score
(contribution to the quantity of interest) associated with radiation emerging from
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a collision or the source at P. The value of J(P) is large where the radiation can
ultimately score and is small elsewhere. J(P) is called the importance since it
assesses the likelihood of radiation at P to contribute to the score. An integral
equation for J(P) consistent with the above is

J(P) = g(P) +
∫

K(P → P′)J(P′) dP′, (6.20)

where g(P) is the direct contribution to the score at P. In addition, the radiation at P
can have further collisions that may lead to contributions to the score or quantity of
interest, G. The integral on the right-hand side is the average contribution from all
possible positions P′ that can be reached in a single collision after a collision at P.
Equation 6.20 is adjoint to Equation 6.19 for χ(P), and together the two equations
form a dual. One manifestation of the duality is obtained by integrating both the
equations;

∫
χ(P)J(P) dP =

∫
S(P)J(P) dP +

∫ ∫
J(P)K(P′ → P)χ(P′) dP′ dP,

∫
J(P)χ(P) dP =

∫
χ(P)g(P) dP +

∫ ∫
χ(P)K(P− → P′)J(P′) dP′ dP.

The two double integrals are equal since P′ and P are variables of integration and
can be interchanged; hence,

∫
χ(P)g(P) dP = G =

∫
S(P)J(P) dP. (6.21)

Either of the two integral equations in Equation 6.21 can be used to calculate G.
In the Monte Carlo sampling that uses K(P′ → P), the expected number of

collisions following a collision at P′ is

N(P′) =
∫

K(P′ → P) dP. (6.22)

N(P′) is not easy to calculate in complicated situations; however, weighting by J(P)
we obtain a simple identity. The expected number of next collisions weighted by
J(P) is

NJ(P′) =
∫

J(P)K(P′ → P)

J(P′)
dP. (6.23)

From Equation 6.20
∫

J(P)K(P′ → P) dP = J(P′) − g(P′),

so

NJ(P′) = J(P′) − g(P′)
J(P′)

= 1 − g(P′)
J(P′)

. (6.24)
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One has 0 ≤ g(P′) ≥ J(P′) (cf. Equation 6.20) so that

0 ≤ NJ(P′) ≤ 1;

the expected number of next collisions is never greater than 1 when K̃J =
K(P′ → P)J(P)/J(P′) is used. NJ(P′) can be viewed as the probability of continuing
the random walk and g(P′)/J(P′) as the probability of stopping. If

g(P′)
J(P′)

= current score contributions

all future scores

is close to 1, then there is no need to go on. We use NJ(P′) as the Monte Carlo
probability for continuing the simulation from P′, and the contribution to G will
be calculated only when the walk stops (previously, we were estimating G at every
collision). Scoring when the history ends means we score exactly once and it can
easily be shown that a true zero variance estimator results. Note that zero variance
calculations are possible for all linear Monte Carlo calculations, see Booth [6]. We
write the estimator for G as

G = S0

∑ g(P)

J(P)
, (6.25)

and evaluate Equation 6.25 with a P selected with probability g(P)/J(P). Then the
estimator is

S0
g(P)

J(P)
×

∣∣∣∣ g(P)

J(P)

∣∣∣∣
−1

= S0 =
∫

J(P)S(P) dP = G. (6.26)

The last equality is Equation 6.21. The estimate obtained from any history is
G, independent of P and the whole preceding random walk, and is therefore a
true zero variance estimator. It is necessary, unfortunately, that we already know
the answer to the problem, J(P), to evaluate Equation 6.26. We can still attempt
to approach a zero variance calculation by using importance functions I(P) (see
Section 5.4.1) in the neighborhood of J(P) and thereby reduce the variance of
the Monte Carlo significantly. This idea is used extensively in radiation transport
calculations.

6.5.1
Radiation Impinging on a Slab

As a simple illustration of these ideas, consider radiation impinging upon a thick
slab of material, as shown in Figure 6.10. What fraction of the incidence radiation
will emerge from the slab? The radiation is often observed empirically to decay
nearly exponentially within the slab, so χ(z) ∼ e−µ0z (Figure 6.11). If we assume
that the important radiation is that traveling normal to the slab, then a reasonable
and simple choice of importance function is

I(z) ∝ eµ0z. (6.27)
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Figure 6.10 Radiation impinging on a slab of material.

This choice is correct only for radiation within the slab; its behavior beyond the
slab is irrelevant since the random walk is terminated when the radiation exits.
For radiation moving to the right in a direction making an angle with the normal
whose cosine is ω,

K(z′ → z) =
∣∣∣µ
ω

∣∣∣ exp
(−µ(z − z′)

ω

)
. (6.28)

Then

K̃I(z′ → z) = K(z′ → z)
I(z)
I(z′)

= |µ/ω| exp
[
−(z − z′)

(µ

ω
− µ0

)]
, (6.29)

which is also an exponential and may be sampled in ways analogous to those
used to sample z from K. The behavior of the effective attenuation coefficient in
Equation 6.29,

Figure 6.11 Radiation intensity within a slab.
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µ̃ = µ − ωµ0, (6.30)

as a function of ω is interesting. For ω = 1 (radiation parallel to the slab normal),
µ̃ = µ − µ0 < µ. Thus, for such paths, the effective attenuation is diminished and
typical paths are ‘‘stretched’’ to encourage escape. For ω = −1, µ̃ = µ + µ0 > µ.
That is, for radiation moving back toward the source, paths are ‘‘shrunk’’ on the
average to prevent their moving too far back and so diminishing their chances of
contributing to the tally of escaping particles.

Note also that Equation 6.29 does not, unlike Equation 6.28, have the simple
normalization such that

∫
K̃I(z) dz is necessarily less than 1. For radiation for

which µ̃ < µ, a branching or birth process – one particle turns into more on
the average – is appropriate, and is an additional way in which a higher score is
encouraged for radiation already likely to escape. Correct calculation of the required
normalization permits one to pass through µ̃ = 0 without any singular behavior of
the sampling procedure.

For practical purposes, the exponential in I(z), Equation 6.27, may be approxi-
mated by a step function, as shown in Figure 6.12. K̃I(z) becomes the product of
K(z) and I(z), as shown in Figure 6.13, if I(z) balances K(z) on the whole. The
sawtooth kernel shown in the figure may be sampled in a variety of ways, but in
any case it is necessary to take account of the fact that

∫
K̃I(z) dz may exceed 1. It

is best to introduce branching, add a random walk, and so increase the chance of
a score.

For a particle moving away from the slab exit, K̃I(z) is shown in Figure 6.14.
The qualitative effect of I(z) now reinforces that of K(z) so that fewer particles are
chosen for the continuation of the random walk and those that are chosen are
closer, on the average, to z0.

In general, the better that I(P) approximates J(P) and the sampling kernel
approximates I(P)K(P′ → P)/I(P′), the more efficient the simulation is.

Figure 6.12 Approximating I(z) by a step function.
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Figure 6.13 The product of K(z) and I(z).

Figure 6.14 K̃I(z) for a particle moving backward from the slab exit.
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7
Statistical Physics

In this chapter and the next, we give introductions to Monte Carlo methods as they
are used in specific applications in addition to radiation transport. This is, of course,
important in itself, but many technical problems that arise in the applications are
difficult to motivate out of context. Thus, in this chapter, we discuss applications
in physics that require the evaluation of (usually very) many-dimensional inte-
grals. The M(RT)2 or Metropolis method, introduced in Section 3.7 is essential
for practical treatment, so here we illustrate some technical points and discuss
some of the scientific ideas that underlie the numerical simulations of physical
systems.

7.1
Classical Systems

Suppose that R is a many dimensional vector whose associated probability dis-
tribution function is f (R). The M(RT)2 method constructs a random walk (cf.
Section 5.2) such that the points Ri will eventually be drawn from f (R). The ran-
dom walk is initiated by choosing R1 from a pdf φ1(R1). A possible next point is
sampled using the transition distribution T(R′

2|R1) and the decision whether to
accept R′

2 is based on the quantity q, where

q = f (R′
2)T(R1|R′

2)
f (R1)T(R′

2|R1)
. (7.1)

If q > 1, then R2 = R′
2. If q < 1, R′

2 is accepted with probability q; otherwise,
R2 = R1. This process is repeated many times; each time a next R′

i is chosen from
the transition distribution and accepted depending on the value of q. The eventual
distribution of R’s is guaranteed to be f (R)/

∫
f (R) dR.

Problems in statistical physics usually deal with the properties and characteristics
of large ensembles of particles. For example, a classical situation [1] is N particles
confined in a box. The configuration of the system may be represented by the
multidimensional vector R, which contains the 3N coordinates ri = (xi, yi, zi) of
the centers of mass of the particles in the box. The total energy of the system is the
sum of the kinetic energies of all the particles and the potential energy
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Figure 7.1 The hard sphere potential energy function.

E =
N∑

i=1

p2
i

2mi
+

N−1∑
i=1

N∑
j>i

�(|ri − rj|). (7.2)

Here pi is the momentum and mi is the mass of particle i. We have assumed that
the total potential energy is the sum of the potential energies between a pair of
particles.

Typical pair interaction forces used in calculations of this type are the hard sphere
potential (shown in Figure 7.1):

�hs(r) =
{ ∞, r < r0

0, r ≥ r0 ,

and the Lennard–Jones potential (shown in Figure 7.2)

�LJ(r) = 4ε

[(σ

r

)12 −
(σ

r

)6
]

,

where r is the separation between two particles and ε and σ are parameters of
the interaction. The Lennard–Jones force is a reasonably good representation of
the pair potentials [2] in simple liquids such as helium, argon, and neon. The
distribution of the particles in the box is a function of the particle positions and
velocities:

f (v,R) = exp[−E(v,R)/kBT ]∫
exp[−E(v,R)/kBT ] dR dv

, (7.3)

where kB is Boltzmann’s constant, T is the temperature, and E(v,R) is the energy
of the system. At low temperatures, the particles will be close to some minimum
energy configuration (solid) and at high temperatures (T → ∞), f (v,R) = constant
and the particles will be uniformly distributed as a gas. The distribution function
in Equation 7.3 can be rewritten in terms of relative coordinates (interparticle
separations, rij = |ri − rj|) and the velocities can be integrated out to yield the
Boltzmann distribution function



7.1 Classical Systems 151

Figure 7.2 The Lennard–Jones potential energy function.

f (R) =
exp

[
−

∑
�(rij)/kBT

]
∫

exp
[
−

∑
�(rij)/kBT

]
dR

. (7.4)

We are now ready to determine the average energy of the particles, but we cannot
do it analytically. A possible procedure is to sample f (R) through the M(RT)2

method and determine the energy by Monte Carlo, that is, to estimate the average
of

∑
i<j �(rij).

7.1.1
The Hard Sphere Liquid

Suppose we have a hard sphere liquid in a three-dimensional box (Figure 7.3),
where each hard sphere of diameter a moves in a cube of dimension ∆. As
transition distribution in M(RT)2, we shall choose

T(R′
n|Rn−1) =

{
1

∆3 for |x′
i − xi|, |y′

i − yi|, |z′
i − zi| < ∆

2 , r′j = rj, j �= i,

0 otherwise,

where i is chosen at random from 1 to N. The constant transition distribution
function drops out of the quotient for q (Equation 7.1). If a system can go from R1

to R′
2, the reverse move is equally possible. Equation 7.1 becomes

q =
exp

[
−

∑
�(r′

ij)/kBT
]

exp
[
−

∑
�(rij)/kBT

] = exp
[−∆U

kBT

]
,

where ∆U = ∑
�(r′

ij) − ∑
�(rij). A move to a region of lower potential energy is

automatically accepted; otherwise, the move is accepted with probability q.
In most cases, we are trying to model an infinite liquid, and the box size can have

a dramatic effect on the final answer [3]. This may be partly overcome by using
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Figure 7.3 A two-dimensional slice through a hard sphere liquid.

Figure 7.4 A particle moving beyond the edge of the box
appears at its image position within the box.

periodic boundary conditions on the sides of the box. Periodic boundary conditions
are illustrated in Figure 7.4. When a particle moves past the box on one side, it
appears at the same position (less than the width of the box) on the ‘‘opposite’’ side.
The coordinates of the particle are assigned to be those of the image position and
the potential energy is computed using these coordinates obtained by translating
through the dimensions of the box.

One property of the liquid that can be calculated through the Monte Carlo
simulation is the pair correlation or radial distribution function. The pair correlation
function g(r) is the probability that two particles are a distance r apart:

g(r) =
(

1 − 1
N

)〈∑
i<j

δ(r − |ri − rj|)
〉

. (7.5)

In the Monte Carlo simulation, it is determined by simply recording the frequency
of occurrence of different particle separations in narrow bins. For hard spheres,
g(r) has the behavior that the particles tend to clump together such that many have
an interparticle separation a little larger than the hard sphere diameter. This is
shown in Figure 7.5. For nonhard sphere systems, the radial distribution function
can be used to determine the potential energy of the system,

U = ρ

2

∫
g(r)�(r) d3r, (7.6)

where ρ is the density of the system. Other properties of liquids that may be
calculated during the random walk are the structure function S(k) (the Fourier



7.1 Classical Systems 153

Figure 7.5 The radial distribution function for hard spheres.

transform of g(r)), the specific heat, and the density. However, it is not at all easy
to directly determine A, the free energy of the system, by this kind of simulation:

Q = exp
[

A

kBT

]
=

∫
exp


−

∑
�(rij)

kBT


 dR

VN
, (7.7)

where V is the volume and Q is the canonical configuration integral. The free
energy can be found using either a series of simulations at different temperatures
[4] or a correlational Monte Carlo technique [5] that relates A for one system to the
known A for a different one.

7.1.2
Molecular Dynamics

An alternative method used to study liquid systems is molecular dynamics [6].
In molecular dynamics, the motion of the particles is simulated by numerically
solving Newton’s equations for the system:

F = m
dvi

dt
− ∇i

∑
j<k

�(rjk), (7.8)

where vi is a particle velocity. The calculation is often started with the particles
distributed on a lattice and initial velocities are randomly selected from the
Boltzmann distribution
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f (v) = exp

[
− 1

2 mv2

kBT

]
. (7.9)

The equations of motion are integrated in time to determine the paths the
particles follow, and from this, time-dependent phenomena may be studied. For
static correlation properties, however, Monte Carlo calculations are better since
they generally converge faster to the probability distribution function f (R). Also,
the Monte Carlo calculations do not have to sample the entire phase space as is
necessary in molecular dynamics calculations, since the integrations over momenta
have already been done.

7.1.3
Kinetic Monte Carlo

Time-dependent phenomena in systems can also be studied by Monte Carlo
techniques. That is, the dynamics of a multiparticle system may be simulated
by creating a random walk that transits through the various successive states
of the system. This type of random walk was introduced inSection 5.2.3. The
straightforward translation of such a model is as a time-driven simulation, but as
noted by Bortz et al. [7], an event-driven simulation is much more efficient in many
applications.

Kinetic Monte Carlo [8] starts with a stochastic model of atomistic processes in
dense materials, say, a solid. Simple examples are defined on a lattice in two or
three dimensions and assume that some of the lattice points are occupied by one or
more species of atoms. It is assumed that the probability for moving from one state
i to another state of the system is an exponential distribution with a rate given by ωi.
Rates need to be specified for the addition, deletion, migration, or interaction of the
atoms in the system and may be dependent upon the temperature of the system.
The existence of all these possible events complicates a time-driven simulation
but is easily taken into account when it is the next event that is sampled. In
phenomenological terms, the event-driven simulation may be described as follows
for the case where the rates of the different events are assumed to be independent
of time:

1. Set the time to t = 0.

2. Create the list of all possible rates λi in the system.

3. Calculate the cumulative function �i = ∑i
j=1 λj for i = 1, . . . , N, where N is

the total number of discrete events that can occur. This process is analogous
to the description of sampling a discrete distribution function given in
Section 3.3. Let � = �N .

4. Choose the next event by sampling an i such that �i−1 < ξ1 · � ≤ �i where
ξ1 is a uniform random number.

5. Perform event i.



7.1 Classical Systems 155

6. The rates may have changed owing to the occurrence of event i. Recalculate
the affected rates and, if necessary, add new events, which will change the
value of N.

7. Move forward in time as t = t + δt where δt = − log ξ2
�

and ξ2 is also a
uniform random number.

8. Evaluate the stopping criteria; if not satisfied, return to [2].

If the rates associated with the individual events are time dependent, the process
described above needs to be modified to take the time dependence into account.

Fichthorn and Weinberg [9] have shown that the kinetic Monte Carlo method
describes a Poisson process under the following conditions the different events are
independent; detailed balance is present at equilibrium; and the time increment is
calculated appropriately. If these criteria are met, then the probability of the system
moving from state i to another state j is governed by the backward or forward
Kolmogorov differential equations, Equations 5.36 and 5.37. A generalized version
of these differential equations may be written as follows:

dPij(t)

dt
=

∑
j

K(Xi(t)|Xj(t − h))Pji(t) −
∑

j

K(Xj(t)|Xi(t − h)Pij(t).

Kinetic Monte Carlo can, in principle, give the exact dynamical evolution of a system
over large timescales. Of course, this ideal is rarely achieved and the algorithm
listed above requires N operations for each transition from one state to another.
Recently, a more sophisticated methodology, the first-passage technique [10], has
proved to be much faster.

The major disadvantage with KMC is that all possible events and their associated
rates have to be known in advance. The method itself can do nothing about
predicting them.

7.1.4
The Ising Model

A very well-known model used in statistical physics is the Ising model [11] of
interacting spins on a lattice. The model can be used to simulate the properties of
a magnet. It is assumed that the spins can either be up or down with the value +1
associated with up and the value −1 associated with down:

spin = σi = ±1, 1 ≤ i ≤ N,

where N is the number of particles. The total energy of the system is assumed to be

E =
∑
i<j

Jijσiσj + h
N∑

i=1

σ′
i, (7.10)

where the second term in Equation 7.10 derives from an external magnetic field of
strength h. The quantity Jij represents the interaction between nearest neighbors;
the most commonly used assumption is



156 7 Statistical Physics

Jij =
{

0 if i and j are not nearest neighbors
constant otherwise.

The Ising model can be solved analytically [12] in two dimensions, but not in three.
In either case, the Ising model exhibits a phase transition as the temperature is
reduced from infinity. In three dimensions, this transition has interesting features
in common with the critical point of a liquid. The Ising model is also used to model
an alloy in which ‘‘spins’’ stand for one or another type of atom that may reside at
a lattice site. Clusters of such atoms may develop, depending on the temperature.
The M(RT)2 method is commonly used, and various correlation functions can be
extracted from the random walk.

Monte Carlo techniques have been used to exhaustively study systems obeying
spherical potentials and are now being applied to more complicated systems. For
example, surfaces can be studied by constructing a liquid and then removing
the boundaries to form droplets [13]. A liquid like water can be simulated by
Monte Carlo techniques that optimize the sampling [14] and by using more
complicated potentials that are angle dependent [15]. Liquid crystals [16] are being
studied by changing the particles in a box from spherical entities into rods, which
take into account the peculiarities connected to the intrinsic properties of their
mesophases.
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8
Quantum Monte Carlo

The simulations described in Chapter 7 all assumed that the particles involved
obey classical mechanics. It is also possible to study systems that are quantum
mechanical in nature. The ground-state behavior of a quantum mechanical system
is described by the Schrödinger equation

Hψ0(R) = E0ψ0(R), (8.1)

where H is the Hamiltonian for the system,

H =
N∑

i=1

− �
2

2m
∇2

i +
∑
i<j

�(rij), rij = |ri − rj|,

∇2
i = ∂2

∂x2
i

+ ∂2

∂y2
i

+ ∂2

∂z2
i

, (8.2)

� is Planck’s constant, ψ0(R) is the wave function, and E0 is the ground-state energy.
The quantity ∇2

i determines the kinetic energy of particle i, and �(rij) represents
the pair potential between particles i and j. At zero temperature, quantum particles
are still in motion; this can be contrasted with classical mechanics, where particles
are fixed at a minimum potential energy at zero temperature. The Schrödinger
equation has been solved analytically only for the hydrogen atom; more complicated
systems must be studied numerically.

In variational Monte Carlo (VMC) [1], knowledge of the physical relationships
between the atoms can be built into a parametrized mathematical form for a trial
wavefunction, ψT(R), an approximation to the ground-state wavefunction, ψ0(R).
The variational energy can be minimized with respect to the parameters through
the Monte Carlo evaluation of the expectation value of the ground energy, E0. Ap-
proaches where the Schrödinger or Bloch equations are modeled stochastically and
are subject only to statistical uncertainties are referred to as Quantum Monte Carlo
(QMC) methods. In the Green’s function Monte Carlo (GFMC) method, introduced
by Kalos [2, 3], the integral transform of the Schrödinger equation (Equation 8.1) is
iterated by performing a random walk in the configuration space of N atoms to yield
an asymptotically exact solution. Such a solution can also be obtained by sampling
a short time Green’s function followed by an extrapolation of the results to account
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for the time step errors introduced by the approximation. This technique is known
as diffusion Monte Carlo (DMC) [4, 5]. Finally, finite temperature or imaginary
time systems may be studied by considering the Bloch equation:[

−∇2 + �(R) + ∂

∂β

]
ψ(R, β) = 0. (8.3)

Path integral Monte Carlo (PIMC) [6] simulations can be performed, and for small
enough temperatures, the results can be compared to ground-state properties.

8.1
Variational Monte Carlo

For few-body and many-body systems, variational methods may be used to ap-
proximate the expectation values of system properties and the necessary integrals
carried out by Monte Carlo [7]. If ψT(R) is a trial wave function, the variational
energy is defined as

Evar ≡
∫

ψT(R)HψT(R) dR∫ |ψT(R)|2 dR
≥ E0. (8.4)

That is, Evar is an upper bound to the ground-state energy. If ψT(R) = ψ0(R),
the actual wave function, then Evar = E0. To use Monte Carlo techniques, the
following probability distribution function is very convenient:

f (R) = |ψT(R)|2∫ |ψT(R)|2 dR
, (8.5)

and the variational energy (Equation 8.4) becomes

Evar =
∫

f (R)E(R) dR = 〈E(R)〉 ≥ E0, (8.6)

where E(R) is the local energy, defined as

E(R) = 1

ψT(R)
HψT(R). (8.7)

To determine an estimate for Evar, values for R are sampled from f (R), and the
average of the resulting E(R) is constructed. For systems with more than a few
particles, the sampling can be done conveniently only with the M(RT)2 method.

The Monte Carlo variational method has long been applied to liquid 4He [1].
Liquid 4He is a superfluid at low temperatures and solidifies only at high pressure;
its properties must be obtained from a quantum mechanical calculation. As pointed
out by Feenberg [8], a plausible general form for the exact ground-state wavefunction
of a system of N interacting bosons is

ψT(R) =
∏
i<j

f2(rij)
∏

i<j<k

f3(i, j, k)
∏

i<j<k<l

f4(i, j, k, l) · · ·

= exp −1

2


∑

i<j

u(rij) +
∑

i<j<k

u3(i, j, k) +
∑

i<j<k<l

u4(i, j, k, l)


 · · · (8.8)
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In the liquid phase, the simplest variational function, the so-called Bijl–Dingle–
Jastrow or Jastrow trial function, considers only a single term of the above expres-
sion: u2(rij). u2(rij) is called the pseudopotential since it has a role similar to the
potential in the Boltzmann distribution. The trial function becomes

ψT(R) = exp


−1

2

∑
i<j

u2(rij)


 . (8.9)

The form of the pseudopotential is arbitrary as long as u2(∞) = 0, u2(0) = ∞, and
the first derivative is continuous. The actual representation for u2(rij) is determined
by minimizing Evar, with respect to the parameters in the functional form for u2.
By applying Green’s theorem to Equation 8.6, Evar is written as

Evar = ρ

2

∫
d3r g(r)

(
�(r) + �

2

2m
∇2u2(r)

)
, (8.10)

where ρ is the density of the system and g(r) is the radial distribution function
(Equation 7.5).

Liquid 4He is a boson fluid, which means the wave function is symmetric upon
interchange of two particle coordinates. Other interesting particles, for example
electrons, are described by an antisymmetric wave function and are called fermions.
The requirement of an antisymmetric wave function makes the description of
fermions much more complicated. To treat fermions variationally, the following
trial function has been used [9]:

ψT(R) = exp


−

∑
i<j

u(rij)


 × det

[
eikj ·r i

]
, (8.11)

where det[· · ·] is the determinant of the ideal gas wave function:

det
[
eikj·r i

]
=

∣∣∣∣∣∣∣∣

eik1·r1 eik2·r1 · · ·
eik1·r2 eik2·r2 · · ·
...

...
...

∣∣∣∣∣∣∣∣
.

The ki are momentum vectors in three-dimensional momentum space. When
Equation 8.11 is used in the variational calculations, problems that are not present
in a boson calculation occur. For example, ψT(R) is occasionally equal to 0, which
causes E(R) to become infinite. Despite these and other difficulties, variational
energies for a fermion system have been calculated by Monte Carlo techniques
[9, 10]. Steady improvements in the form of variational wave functions have
extended the systems investigated by VMC [11, 12].

8.2
Green’s Function Monte Carlo

The power and importance of Green’s function Monte Carlo [2, 3] is that it provides
a means by which the Schrödinger [7] equation and the Bloch [13] equation may be
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solved exactly for many-body boson [14] and also for fermion [15] systems. Since
GFMC is a Monte Carlo method, the answers are subject to statistical sampling
errors. For situations in which an exact answer to a quantum mechanical problem
is desired, the GFMC method is a useful tool.

The essence of Green’s function Monte Carlo can be described by four central
ideas.

1. Monte Carlo methods can be used to solve integral equations, as was shown
in the example of the treatment of radiation transport (Chapter 6).

2. The Schrödinger equation and the Bloch equation can be transformed into
integral equations by using Green’s function for an appropriate operator.
This Green’s function, though, is usually not known explicitly (i.e. in closed
form).

3. Random walks, which occur in a Monte Carlo calculation, can be constructed
to generate the required Green’s functions. For example, the operator in
the Bloch equation, −∇2 + V + ∂

∂β
, describes a diffusion process. The

simulation of diffusion processes on computers is a well-known application
of Monte Carlo methods (cf. Chapter 5). It is not surprising, therefore, that
the generation of Green’s functions by random walks can be done by a
computer-simulated stochastic process.

4. The statistical error inherent in a Monte Carlo calculation can be significantly
reduced by introducing importance sampling. In principle, a calculation
with importance sampling can have zero statistical error for a specific result
(e.g. the energy of a quantum system).

8.2.1
Monte Carlo Solution of Homogeneous Integral Equations

We now develop the GFMC method, stressing the four ideas outlined above
and in analogy with the developments in Sections 5.3, 5.4 and 6.5. Suppose the
set of random variables {Y1, Y2, . . . , Ym, . . . , Yn} is sampled from the distribution
function χ(Y) in a volume V , and for each Ym, another set {Xm1, Xm2, . . .} is
drawn from λT(X |Ym). The quantity λ is a known constant and T is an integrable,
nonnegative function that serves as a distribution function for X conditional
on Y . We call λT the transition probability; cf. Section 3.7 and the discussion
of the M(RT)2 algorithm. The average number of Xmk that are contained in
V is

〈N{Xmk∈V}〉 =
∫

V

∫
λT(X |Ym)χ(Ym) dYm dX , (8.12)

where

λT(X |Ym) dX = average number of X ′s in dX ,

χ(Ym) dYm = probability that Ym ∈ dYm.
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Suppose that λ is an eigenvalue of the integral equation

χ(X ) = λ

∫
T(X |Y)χ(Y) dY . (8.13)

Equation 8.13 can be solved by the iterative sequence

χ(n+1)(X ) = λ

∫
T(X |Y)χ(n)(Y) dY . (8.14)

This is called a Neumann series, and the sequence converges to the distribution χ(X )
that is the eigenfunction of Equation 8.13 having the smallest eigenvalue. Monte
Carlo is used to iterate Equation 8.14 and is especially worthwhile when X and Y
are many dimensional. The trial function or initial iterate χ(0)(X ) may be chosen to
be a set of uniformly distributed random numbers. A better guess can be obtained
from approximate solutions of the problem; variational calculations have proved
especially useful (cf. Section 8.1).

So far, we have assumed that the eigenvalue is known but this is generally not
the case. Let λT be an arbitrary (trial) value and λ denote the actual value. The trial
value of λT is used instead of λ in the iterations of Equation 8.14. If λT > λ, the
population of points X grows, since the size of the kernel is made larger; and if
λT < λ, the population of X decays. This can be seen from Equation 8.12 since the
expected number of points is proportional to λ. The choice of λT does not affect
the convergence of the Neumann series to χ(Y) except insofar as the decay of the
population may prevent the iteration from being continued. After the population
converges, it is generally desirable to set λT so as to maintain approximately
constant population size.

8.2.2
The Schrödinger Equation in Integral Form

We are interested in the ground-state energy and wave function ψ0(R) of the
Schrödinger equation, Equation 8.1. The Green’s function is defined by the
equation1)

HG(R,R′) = δ(R − R′) (8.15)

with the same boundary conditions on G(R,R′) as on ψ0(R) for both R and R′. The
formal solution for the Green’s function is

G(R,R′) =
∑

α

E−1
a ψα(R)ψα(R′), (8.16)

where the Eα are the eigenvalues and the ψα(R) are the eigenfunctions of the
problem. We can rewrite the Schrödinger equation in the form of Equation 8.13,

1) Green’s function as defined in Equation 8.15 may be either positive or negative. In the Monte
Carlo calculation, we shall be sampling G(R,R′) and therefore require that it be nonnegative.
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ψ0(R) = E0

∫
G(R,R′)ψ0(R′) dR′, (8.17)

and solve for ψ0(R) by iteration

ψ(n+1)(R) = ET

∫
G(R,R′)ψ(n)(R′) dR′, (8.18)

where ET is a trial energy. Suppose our initial distribution is ψ(0)(R). If we expand
ψ(0) in the ψα,

ψ(0)(R) =
∑

α

Cαψα(R), (8.19)

then by using Equations 8.16 and 8.17 we find that

ψ(n)(R) =
∑

α

(
ET

Eα

)n

Cαψα(R). (8.20)

For sufficiently large n, the term α = 0 dominates the sum in Equation 8.20 and so

ψ(n)(R) ∼=
(

ET

E0

)n

C0ψ0(R) (8.21a)

and

ψ(n+1)(R) ∼= ET

E0
ψ(n)(R). (8.21b)

This result demonstrates that the iteration of Equation 8.18 will eventually give
the ground-state wave function. The ground-state energy E0 can be obtained from
Equation 8.21b. It is worth reemphasizing that the Neumann series for solving an
integral equation is applicable more generally. We are concerned with the use of
Monte Carlo methods to perform the iterations.

The Green’s function Monte Carlo method is easily demonstrated by using
a simple example. Consider a one-dimensional particle on a line, enclosed by
repulsive walls. The Schrödinger equation for this example is

d2
ψ(x)

dx2
= Eψ(x), ψ(x) = 0 for |x| ≥ 1. (8.22)

The ground-state wave function and energy are

ψ0(x) = cos
(π

2
x
)

, E0 =
(π

2

)2
, (8.23)

and the appropriate Green’s function is

G(x, x′) =
{ 1

2 (1 − x′)(1 + x), x ≤ x′
1
2 (1 + x′)(1 − x), x ≥ x′.

(8.24)

So, for a particular choice of x, the Green’s function is piecewise linear, and the
Green’s function may be sampled separately for each linear portion. The integral
equation we solve in this example is
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ψ(x) = ET

∫ 1

−1
G(x, x′)ψ(x′) dx′. (8.25)

G(x, x′) may be identified with T(X |Y) of Section 8.2.1 and used as a distribution
function. An iterative scheme can be described as follows. An initial population of
points x′ is chosen from ψ(0)(x′); we assume it to be uniform. Then for each x′,
perform the following operations:

1. Construct the two triangles that form G(x, x′).

2. For each triangle, compute ETA, where A is the area of the triangle.

3. For each triangle, generate a random integer N such that 〈N〉 = ETA
(i.e. N = largest integer smaller than ETA plus a uniform random number).

4. Sample 〈N〉 points in each triangle to form the ‘‘next generation.’’ The points
are sampled from a triangular-shaped probability distribution function
normalized to 1.

In step 4, branching is used to form the next generation in the random walk.
Alternatively, a weight, ETA, could be associated with each new value of x and
multiplied by the weight of x′ in the previous generation. However, this latter
method leads to the propagation of random walks with very uneven weights. In
favorable areas, the weights become large, and in unfavorable regions, the weights
approach zero. Branching avoids this problem by producing more random walks
in the favorable regions without the necessity of tracking associated numerical
weights.

8.2.3
Green’s Functions from Random Walks

In our example, we have assumed that we know Green’s function for the problem.
In general, however, especially in many-dimensional problems, we do not. We can
exploit the relationship with diffusion processes to construct the Green’s function
in problems where it is not known. Consider again the particle on a line; we show,
using a suitable expansion (realizable as a random walk), that the required Green’s
function may be sampled.

Let us choose an isosceles triangle as a zero-order Green’s function. That is, for
any x′ in (−1, 1), GT(x, x′) will be an isosceles triangle extending from x′ to the
nearest endpoint and an equal distance on the other side. This introduces an extra
and erroneous cusp at x = x1 (Figure 8.1). The correct Green’s function has cusps
only at x = x′ and at ±1. We correct for the improper choice of GT(x, x′) by adding
a triangle at x1 whose central cusp cancels the extraneous one. Since we assume
that we do not know the correct Green’s function, we approximate the correction
by another isosceles triangle centered at x = x1. If it has the right size, it cancels
the first erroneous cusp while introducing a new extraneous cusp that we must
cancel. In doing so, we define a (possibly) infinite sequence of iterations to sample
G(x, x′) (Figure 8.2).
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Figure 8.1 A GT(x, x′) as an approximation to G(x, x′).

Figure 8.2 A sequence of functions GT(x, xi) to sample G(x, x′).

A random subsequence may be sampled by means of a random walk. Depending
on the values of the xi, the random walk need not be infinite. A graphic illustration
of a random walk with three iteration steps is shown in Figure 8.3. Since x2 is
equal to 0, the third isosceles triangle does not create any extraneous cusps and the
random walk terminates.

x1

x2

x’0

Figure 8.3 A random walk to sample G(x, x′) with three iterations.
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The process described above in the one-dimensional example is mathematically
formulated as follows. Let Green’s function be defined as

−∇2G(R,R0) = δ(R − R0). (8.26a)

It can be shown that the solution is symmetric:

G(R,R0) = G(R0,R). (8.26b)

For every R1εD, construct a subdomain Du(R1) ⊂ D about R1 in such a way that
the set of all Du, {Du}, covers the domain D. Within each Du, we define a Green’s
function Gu(R,R1) by

−∇2Gu(R,R1) = δ(R − R1) (8.27a)

and

Gu(R,R1) = 0 for R,R1 �∈ Du(R1). (8.27b)

Now multiply Equation 8.26a by Gu(R1,R0), multiply Equation 8.27a by G(R,R1),
and subtract the two resulting equations. Integrate with respect to R1 ∈ Du(R0) and
use Equation 8.27b to get

G(R,R0) = Gu(R,R0) +
∫

∂Du(R0)

[−∇nGu(R1,R0)]G(R,R1) dR1, (8.28)

where −∇n is the outward directed normal derivative for R1 on the boundary
of Du(R0). Equation 8.28 is a linear integral equation for G(R,R0) in terms of
the known subdomain Green’s function Gu(R,R0). We may integrate it by means
of a random walk, which will deliver a set of values of R drawn from G(R,R0)
(cf. Section 5.3). In our one-dimensional example, the equation becomes

G(x, x0) = Gu(x, x0) + ∂Gu(x, x0)

∂x

∣∣∣
x=x1

G(x, x1) (8.29)

and ∂Gu(x, x0)
∂x is the probability that a next triangle will be constructed at x. When

this probability is small, the random walk is likely to be terminated. The points in
the next generation, {x}, of the iterative solution to the original integral equation,
Equation 8.25, are obtained by sampling ET × Gu(x, x1) for each point x1 chosen in
the random walk (Equation 8.29). Thus a random walk is generated for each x′ in
each generation that correctly samples G(x, x′) and evaluates Equation 8.25.

8.2.4
The Importance Sampling Transformation

The last technique that needs to be discussed in a general way is that of importance
sampling. This is an example of the technique discussed earlier of transforming
a problem into one that can be solved with lower, sometimes zero, Monte Carlo
variance. In Chapter 4, the transformation appropriate for finite quadrature was
introduced; in Chapter 5, the form required for variance reduction of integral
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equations was developed; and in Chapter 6, the concept of a zero variance
calculation in linear transport problems was discussed. In each case, it proved
useful to multiply the distribution function to be sampled for a point R by an
estimate of the answer to be expected as a result of using R0 (i.e. the ‘‘importance’’
at R0). For the present case of a homogeneous integral equation, we may ask, how
do we estimate that importance? A point not likely to produce future points may
be said to be unimportant. We propose then to use the expected contribution to the
population after many generations from a point at R0 as the importance. This is
easy to compute by iterating from the trial function

ψ(0)(R) = δ(R − R0) =
∑

α

ψα(R)ψα(R0), (8.30)

where ψα are the eigenfunctions of the problem in Equation 8.1. Calculating the
population after n iterates of the integral equation of Equation 8.18 gives

ψ(n)(R) = En
T

∑
α

ψα(R)ψα(R0)

En
α

−→
n → ∞

(
ET

E0

)n

ψ0(R)ψ0(R0). (8.31)

The dependence of this on R reaffirms the convergence toward ψ0(R). The
dependence on R0 shows the importance of a point at R0; that is, its relative
contribution to the population after many generations is ψ0(R0).

We should, therefore, hope that introducing an integral equation for ψ0(R)ψ(R),
rather than for ψ(R), might lead to lower variance in the population, and hence in
the energy estimate. That this anticipation is correct is seen as follows. Assuming
ψ0(R) is a known function, one transforms Equation 8.18 into

ψ̃(R) ≡ ψ0(R)ψ(R) = ET

∫ [
ψ0(R)G(R,R′)

ψ0(R′)

]
ψ̃(R′) dR′. (8.32)

The nth iterate of this equation using δ(R − R0) as initial function is again easily
computed since the interior factors of ψ0(R) in the iterated kernel of the last
equation cancel in pairs, leaving

ψ̃n(R) = En
Tψ0(R)

∑
α

ψα(R)

En
α

→
(

ET

E0

)n

ψ2
0(R), (8.33)

independent of R0. In fact, the expected size of the population after n steps is

Nn =
∫

ψ̃(n)(R) dR =
(

ET

E0

)n

, (8.34)

also independent of R0. If ET = E0, the expected population size is strictly constant
with n as well. Thus, it is possible to carry out the sampling (in the ideal case where
ψ0(R) is known in advance) in such a way that the population size is precisely 1
at every stage. Thus, the energy as estimated from the population growth has zero
variance.

For the one-dimensional problem, this means that sampling point x given x′

should be carried out by using
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π2

4




cos
(π

2
x
)

G(x, x′)

cos
(π

2
x′

)

 (8.35)

as kernel. It is easy to verify that

π2

4

∫ 


cos
(π

2
x
)

G(x, x′)

cos
(π

2
x′

)

 dx = 1, (8.36)

independent of x′, which, in this case, is the explicit guarantee that the population
has no statistical fluctuations.

The qualitative effect of the transformation is easy to understand. As x′ → ±1
for the particle in a box, the expected next population ET

∫
G(x, x′) dx → 0. By

introducing cos
(

πx
2

)
as a factor in the distribution to be sampled, the number of

points that turn up near x = ±1 is made small. At the same time, for those that do
migrate near the wall, the contribution to the next generation is enhanced by the

factor cos
(

πx′
2

)
that appears in the denominator of the modified kernel. The same

balance will be obtained for the case of a general potential energy function when
the appropriate ψ0(R) is used.

What has been established is that if ψ0 is known and included as a biasing factor
in the kernel and in the distribution to be sampled, it is possible to avoid most or all
of the population size fluctuations. A practical procedure that suggests itself is to
use some reasonable approximation to ψ0(R), which we call ψT(R). Then introduce

ψ̃(R) = ψT(R)ψ(R) (8.37)

and the transformed kernel is

G̃(R,R′) =
[

ψT(R)G(R,R′)
ψT(R′)

]
. (8.38)

We expect that if ψT(R) differs from ψ0(R) by a small amount, εψ1(R), then
the fluctuations in population and the variance of estimates of the energy will be
O(ε2). By now, much experience has shown that physically appropriate approximate
functions, especially those whose parameters have been chosen by minimizing the
energy or by matching known observables, reduce the Monte Carlo variance by very
large ratios. In principle, the Monte Carlo calculation will give the same expected
energy whatever be the importance function ψT(R) that is used. In fact, a very poor
and unphysical choice of ψT(R) can make the Monte Carlo convergence slower,
rather than faster, but this behavior, when it occurs, can usually be observed from
the large fluctuations that accompany it. We note merely that appropriate avoidance
of a hard wall or hard sphere potential is achieved by means of a trial function
ψT(R) that vanishes linearly in its neighborhood.

To apply the Green’s function Monte Carlo method to fermion systems, the
most usual approach is the ‘‘fixed-node’’ approximation [16, 17]. In this technique,
an antisymmetric trial function, e.g. Equation 8.11, is used that has nodes, i.e.
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subspaces of lower dimension on which they vanish. It can be shown that if the
random walk is terminated when it reaches such a node, then the energy calculated
for the system is an upper bound. This is widely used, and after several decades of
development and optimization, very good results have been attained. Research into
methods that are potentially as reliable as for bosonic systems is in process [18].

The calculations on light nuclei are noteworthy examples [19] in that the particle
interactions here involve extremely complex nuclear forces. There are two-body
forces derived from the study of nucleon–nucleon scattering, and these depend
in complicated ways on the particles and their relative states. There are also
three-body forces derived in a phenomenological way from the interactions of
pions with nuclei. This means that a trial function for A = 8 comprises 17 920
complex functions. The quality of the agreement with experiment validates our
understanding of the structure of nuclei at this level.

8.3
Diffusion Monte Carlo

An alternative approach to investigating quantum-mechanical systems involves the
sampling of an approximate Green’s function. The time-dependent Schrödinger
equation in imaginary time t → it

�
,

∂ψ(R, t)
∂t

= −(−∇2 + �(R) − ET)ψ(R, t), (8.39)

is equivalent to the classical diffusion equation, Equation 5.45, with sources repre-
sented by �(R). In Equation 8.39, the Hamiltonian H has been written as the sum
of the kinetic energy T , −∇2, plus the potential energy �(R) displaced by a trial
energy ET, which does not change the description of the state of the system.

In a short time approximation using the Trotter formula [20], the Green’s
function for Equation 8.39 can be written to O(δt2) as

G(R,R′, δt) ≈ 〈R|e−�(R)δt/2e−Tδte−�(R′)δt/2eETδt|R′〉. (8.40)

It is possible to rewrite the above expression as the product of a rate term,

w(R,R′, δt) = exp
(

− (
�(R) + �(R′)

) δt

2
+ ETδt

)
, (8.41)

times a propagator, identified as the Green’s function for ordinary diffusion,

Gd(R,R′, δt) = 〈R|e−Tδt|R′〉 = (4πδt)−
3N
2 exp

(
− (R − R′)2

4δt

)
. (8.42)

In a simulation, for each R′ in a given set of configurations, a new R is easily
sampled from Gd using any method for sampling a Gaussian function (see
Chapter 3). However, the probability for choosing the new value of R must be
corrected by the rate term, Equation 8.41. This is accomplished by either assigning
a weight to the random walk, which increases or decreases as each new value of
R is sampled, or a birth/death propagation, branching, may be used to incorporate
w(R,R′, δt) into the random walk. In the latter case, a random integer,
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〈N〉 = w(R,R′, δt),

is chosen to decide how many copies (it may be zero) of the random walk continue
in the next generation (see Section 8.2.2). By repeating these steps and performing
a suitable extrapolation to t → 0, the results will yield an estimate of the ground-
state energy if ET ≈ E0. This is shown by writing the formal solution of the
time-dependent Schrödinger equation as

ψ(R, t) =
∑

α

ψα(R)e−i(Eα−ET) t
� . (8.43)

where the ψα(R) are an orthogonal basis set.
The method as described may be very inefficient owing to the branching

process and because the random walk may explore unimportant regions of the
configuration space. Here, again an importance sampling transformation as in
Section 8.2.4 allows the simulations to converge faster and more efficiently. If
Equation 8.39 is multiplied by a trial wavefunction ψT, it can be written in the
coordinate representation as

∂ψ̃(R, t)
∂t

= − (−∇2 + ∇ · F(R) + F(R) · ∇ − (ET − EL(R)
)
ψ̃(R, t), (8.44)

where ψ̃(R, t) = ψT(R)ψ(R, t), EL(R) is the local energy, Equation 8.7, and F(R) =
2∇ ln ψT(R). If we compare the above expression with Equation 8.39, it still
includes a branching process, given by V = EL(R) − ET. The diffusion process
has a superimposed drift velocity given by the two last terms of the expression,
−∇2 + ∇ · F(R) + F(R) · ∇.
By taking the short time approximation, as before we can write:

G̃(R,R′, δt) = w̃(R,R′, δt)G̃d(R,R′, δt), (8.45)

where

w̃(R,R′, δt) = exp
(

−(EL(R) + EL(R′))
δt

2
+ ETδt

)
, (8.46)

and

G̃d(R,R′, δt) = (4πδt)−
3N
2 exp

(
− (R − R′ − δtF(R))2

4δt

)
. (8.47)

Simulations that include importance sampling converge to ψT(R)ψ(R). Instead
of using �(R) to compute the rate term, EL is now calculated, which approaches
a constant as ψT(R) converges to the true eigenfunction of the system. This is
important since the simulations become much more stable. Moreover, the drift
guides the random walk to the important regions of the configuration space.
The DMC algorithm may be summarized as follows:

1. Sample the first generation of points for the random walks from ψT(R′).

2. For each value of R′ in time interval δt, sample a value of R from Equation
8.47. That is, sample an X with mean 0 and variance 4δt and transform it
to R,
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R = X + R′ + δtF(R′).

3. For each value R, generate an integer N such that

〈N〉 = w̃(R,R′, δt),

i.e. N = largest integer smaller than w̃ plus a uniform random number.

4. Create 〈N〉 copies of R to form new random walks in the next generation.

5. Use the points {R} to calculate contributions to averages for expectation
values.

6. Adjust ET as needed to control the size of the population of random walks.
Repeat steps 2–5 until the standard error of the estimators is acceptable.

The DMC method has been used extensively for both boson and fermion systems.
To employ the method within the fixed-node approximation for fermion systems,
development of very good trial wave functions is required. An example of a fermion
system is the homogeneous electron gas [11]. The results for the electron gas are
important for two reasons; they are the first highly reliable data for the equation
of state of a many-electron system, and they form the basis of a very-widely used
approximation method, ‘‘density-functional theory.’’

Another application that investigated fermion systems is the calculation of the
energies of first-row dimers (i.e. Li2 through F2) [21]. To appreciate the nature of
this achievement, one must first understand that the energy differences that are
important for chemistry are of the order of 10−5 or less of the total energy of
the system. Attaining this precision in a Monte Carlo calculation is evidence of
sophisticated methodology. The second point is that the accuracy is very high, com-
parable or better than the ‘‘traditional’’ methods based on very large basis sets, an
indication of the quality of the trial wave function optimization that is now possible.

8.4
Path Integral Monte Carlo

All static and, in principle, dynamic properties of a many-body quantum system,
such as 4He, at thermal equilibrium, may be obtained from the thermal density
matrix, 
(R,R′, β), the propagator of the Bloch equation (8.3). β represents an
inverse temperature or ‘‘imaginary time,’’ β = 1

kT . The solution to the Bloch
equation can be written in the coordinate representation as


(R,R′, β) = 〈
R|e−βH|R′〉 =

∑
α

ψ
†
α(R)ψα(R)e−βEα , (8.48)

where ψα and Eα are the eigenfunctions and eigenvalues of the Hamiltonian, H.
For distinguishable particles, the density matrix is nonnegative for all values of
its arguments and can be interpreted as a probability distribution function. The
expectation value of any property of interest, O, is obtained as
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〈O〉 = 1

Z

∫

(R,R′, β) 〈R|O|R′〉 dR dR′, (8.49)

where Z is the partition function and given by

Z =
∫


(R,R′, β) dR.

If two density matrices are convoluted together, a density matrix at a lower
temperature results:

〈
R

∣∣e−(β1+β2)H
∣∣R′〉 =

∫ 〈
R

∣∣e−β1H
∣∣R1

〉 〈
R1

∣∣e−β2H
∣∣R′〉 dR1. (8.50)

The integral over R1 may be evaluated using a generalization of the Metropolis
sampling algorithm [22]. Starting at a sufficiently high temperature, the density
matrix may be written as an expansion in known one- and two-body density
matrices. Multiple convolutions can be performed to reduce the temperature to
near absolute zero. That is, let the total time β be divided into N time steps, β

N = δβ.
Then


(R,R′, β) =
∫

dR1 dR2 · · · dRN−1
(R,R1, δβ)
(R1,R2, δβ) · · · 
(RN−1,R′, δβ)

(8.51)
If N is finite, then the integrand in Equation 8.51 represents a discrete time path

and is referred to as a path integral [23, 24]. Equation 8.51 is exact for any N ≥ 1. In
the limit N → ∞, it becomes a continuous path beginning at R and ending at R′.

To use Equation 8.51, a high temperature, small δβ form for the density matrix
needs to be developed. An exact relationship for the operators T = −∇2 and � is
given by

e−β(T+�)+ β2

2 [T,�] = e−βTe−β�. (8.52)

As the imaginary time becomes small, the commutator term β2

2 [T, �], which is of
order β2, can be neglected. This leads to the primitive approximation

e−δβ(T+�) ≈ e−δβTe−δβ�,

which allows the exact density matrix to be approximated by the product of matrices
for T and �. That this is a valid approximation is justified by the Trotter formula
[20]. That is, for small enough δβ, e−βH can be written as

e−β(T+�(R)) = lim
N→∞

(
e− β

N Te− β
N �(R)

)N
. (8.53)

Separating the kinetic energy contribution from the potential energy contribution,
Equation 8.51 may be rewritten using Equation 8.53 as


(R,R′, β) =
∫

· · ·
∫

dR1 dR2 · · · dRN−1〈R|e−δβT|R1〉 · · · 〈RN−1|e−δβT|R′〉

× exp

(
−δβ

N∑
i=1

�(Ri)

)
, (8.54)
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where RN = R′. The free particle terms in Equation 8.54, which involve the kinetic
energy contributions, can be viewed as a weight on all Brownian random walks
that lead from R to R′ in a time β. Designating these terms as 
0(R,R′, β), Equation
8.54 can be rewritten in a Feynman–Kac relationship as


(R,R′, β) = 
0(R,R′, β)
〈
exp

(
−

∫ β

0
�(R(τ)) dτ

)〉
. (8.55)

The density matrix for a boson system such as 4He is obtained from the
distinguishable particle density matrix by using the permutation operator, ℘, to
project out the symmetric component


(R,R′, β) = 〈
R

∣∣e−(βH)
∣∣R′〉

B =
∑

℘

〈
℘R

∣∣e−(βH)
∣∣R′〉

N!
. (8.56)

The sum over permutations is also performed by a Monte Carlo technique.
Extensive calculations of the properties of 4He at finite temperatures have been

calculated and reviewed in [6]. To apply PIMC to fermion systems, one must restrict
the paths to lie in regions where the fermion density matrix is positive [25].

Path Integral Ground State Calculations

Ground-state expectation values at finite temperatures can be efficiently calculated
by using a path integral ground-state Monte Carlo method [26]. The integral
equation in imaginary time equivalent to the Schrödinger equation is

ψ(R, β) =
∫

G(R,R′, β − β0)ψ(R′, β0) dR′. (8.57)

In the above equation, G(R,R′, β) is the propagator of Equation 8.3. As was seen
in the previous section, this propagator is viewed as a density matrix operator
corresponding to an inverse temperature β and simulated by path integrals.

The difference in the present method compared to path integral Monte Carlo
is that a truncated path on a trial wavefunction is considered instead of peri-
odic boundary conditions in imaginary time, as the trace of G(R,R′, β) requires,
Equation 8.49. Since the ground-state eigenfunction can be obtained by filtering a
suitable trial function ψT,

ψ0(R) = lim
t→∞ ψ(R, β) = lim

t→∞

∫
G(R,R′, β)ψT(R′) dR′, (8.58)

the ground sate expectation value of any operator, O, can be written as

〈O〉 = 〈ψT(R)|G(R,R′, β)OG(R,R′, β′)|ψT(R′)〉
〈ψT(R)|G(R,R′, β)G(R,R′, β′)ψT(R′)〉 . (8.59)

If Equation 8.54 is substituted in Equation 8.59, we obtain

〈O〉 =

∫ N∏
i=0

dRiO(Ri)ψT(R0)

(
N−1∏
i=0


(Ri,Ri+1, δβ)

)
ψT(RN)

∫ N∏
i=0

dRiψT(R0)

(
N−1∏
i=0


(Ri,Ri+1, δβ)

)
ψT(RN)

, (8.60)
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whereR0 = R,RN = R′, andRi is an internal time slice. For a converged calculation,
if the operator is placed on the extreme edges of the path, one gets a mixed estimator.
If Ri is in the middle, the exact expectation value of the ground state is obtained. The
paths are sampled using the Metropolis algorithm. Samples that do not include
coordinates of the trial wavefunction are performed as in path integral Monte
Carlo.

8.5
Quantum Chromodynamics

Quantum chromodynamics (QCD) is the theory of the strong force that describes
how quarks interact with gluons to form hadrons, the heavy particles that are the
constituents of nuclear matter such as protons and neutrons [27]. It is a field theory,
that is, it has a local symmetry described by a symmetry group, SU(3). Quantum
electrodynamics is another example where the electrons and photons interact by way
of fields based on the symmetry group U(1). Unlike electrodynamics where the in-
termediating particle is a photon, in QCD both the particles (quarks) and the quanta
of the field (gluons) have many possible states. There are six types of quarks and
eight gluons and the interactions of quarks and gluons and gluons with themselves
are mediated by matrices that couple these different states. The coupling is strong
so that the kind of perturbation theory that works well for electrodynamics does not
converge in QCD. Fortunately, a discretized version of the theory, lattice gauge the-
ory, which keeps the symmetry intact, was formulated by Wilson [28]. The discretiza-
tion onto a lattice is a nonperturbative approximation that allows the containment of
the divergences that occur in perturbative approaches and also can be systematically
improved by increasing the lattice size and decreasing the spacings on the lattice.
The method permits the direct numerical simulation of equilibrium properties of
both the QCD phase transition and the high-temperature plasma phase.

In the lattice gauge theory approach, the four-dimensional space–time contin-
uum is replaced by a four-dimensional hypercubic periodic lattice and the values
of the quark fields are associated with the lattice sites. The gluon interactions are
represented by the links. The computed result can be expressed as an average with
respect to a weighting function. The quarks are fermions so that the weighting
function is not positive, but reasonable approximation schemes can make it so.
For example, in a recent formulation, called domain wall fermions, the fermionic
fields are defined on a five-dimensional hypercubic lattice using a local action. The
gauge fields are coupled to the extra fermion degrees of freedom in a diagonal
way [29].

The numerical problem, for large enough lattices to approximate to a continuum,
requires a Monte Carlo treatment. One such approach is labeled the ‘‘Hybrid
Monte Carlo’’ method [30]. The partition function for a full-lattice QCD simulation
is written as

Z =
∫

[dU]
∫

[d� d�]
∫

[d�† d�]e−S, (8.61)
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where U(X ) is the gauge field, �(X , s) is the fermion field, and �(X , s) is a bosonic
Pauli–Villars field intended to cancel the contributions of heavy fermions. The
variable X represents the coordinates in the four-dimensional lattice with an extent
L along the spatial directions and an extent T along the time axis. The variable
s, s = 0, 1, . . . , Ls − 1, is the coordinate in the fifth dimension. The action S is
defined as

S = SG(U) + SF(�, �, U) + SPV(�†, �, U). (8.62)

Here, SG(U) is the purely gluonic standard plaquette action

SG = β
∑

p

(1 − 1
3 ReTrUp),

with β = 6/g2
0 and g0 is the lattice gauge coupling. Up is the product of the link

matrices around an elementary square or plaquette on the lattice. The fermionic
action for two flavors of fermions may be defined as

SF = −
∑

X ,X ′
,s,s′,f

� f (X , s)DF(X , s;X ′, s′)�f (X ′, s′); f = 1, 2 (8.63)

and DF is, for example, the domain wall fermion Dirac operator [29]. SPV is the
Pauli–Villars action and has some flexibility in its definition.

To perform a simulation, the Hybrid Monte Carlo algorithm is constructed from
Equation 8.62. The variables in the system evolve in a trajectory in time dynamically
based on a stochastic Langevin method [31]. The particular dynamical trajectory
is accepted or rejected by a M(RT)2 algorithm based on the total energy change.
All necessary matrix inversions are done using a conjugate gradient algorithm or
related method.

Benchmark results have recently given the calculated masses of a range of
hadrons [32] and large-scale calculations have extended results in the quenched
QCD approximation [33]. Indeed, even after three decades of ingenious algorithmic
development and more than 105 increase in computer speed, QCD continues to be
a vibrant research area.
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9
Pseudorandom Numbers

In much of the discussion on why and how to perform calculations using Monte
Carlo methods, reference is made to a special type of random variable, the uniform
random number ξ. This variable is expected to be distributed between (0, 1) with
the property that

P{ξ < x} = x, x ∈ (0, 1). (9.1)

Once we have a source of uniform random numbers, we can sample any other pdf
and carry out Monte Carlo integrations and simulations. Thus it would appear that
we must find such a source.

Since our interest lies in the use of Monte Carlo methods on computers, our
source of uniform random variables must be capable of delivering them at the
rate needed by a high-speed calculation. There are Monte Carlo calculations and
some simulations in which the computation rate is dominated by the rate at which
random numbers can be produced. Rejection techniques are often random-number
intensive. Clearly, one should avoid a procedure in which random numbers take
(say) a millisecond to produce on a machine that can do billions of floating-point
operations per second. Most natural sources of random events do not supply the
events at such a rate (neglecting the difficulty of interfacing the source and the
computer), and one would need an enormous table of previously compiled random
numbers to complete a large calculation. Furthermore, we really want to be able to
repeat our calculation at will, for debugging purposes and for various correlated
sampling schemes. Thus, for most calculational purposes, pseudorandom numbers
(prn’s) are employed. Pseudorandom numbers are sequences of numbers on (0, 1)
that are easily generated on the computer and that will satisfy some statistical tests
for randomness. Since the prn’s are computed from a deterministic algorithm,
they are not truly random and therefore cannot pass every possible statistical test1)

The important criterion is that the pseudorandom number generator (prng) used
in a calculation satisfies those statistical tests that are most closely related to the
problem being studied [2–5]. The use of test problems whose exact answers are
known is also desirable.

1) It may seem that we are glossing over the fact that prn’s are not truly random. However, see [1].

Monte Carlo Methods. Second Edition. M.H. Kalos and P.A. Whitlock
Copyright  2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40760-6
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9.1
Major Classes of prn Generators

The earliest, purely deterministic method of generating prn’s was the mid-squares
method2) proposed by von Neumann [7]. We take a number xn that has 2a digits
and square it. The resulting product has 4a digits, of which the a most significant
and the a least significant digits are discarded. Then xi+1 is formed from the
remaining 2a digits as

xi+1 =
[

x2
i

ba

]
−

[
x2

i

b3a

]
· b2a, (9.2)

where b is the base of the number representation. This method of generating prn’s
was soon abandoned since it degenerates into a cyclic one, often with a very short
period. In the worst case, the period comprises just one number.

9.1.1
Linear Recurrence Methods

Many of the prn generators now in use are special cases of the relation

xi+1 ≡ a0xi + a1xi−1 + · · · + ajxi−j + b (mod P). (9.3)

One initiates the generator by starting with a vector of j + 1 numbers x0, x1, . . . , xj.
The generators are characterized by a period τ, which in the best case cannot exceed
Pj+1 − 1. The length of τ and the statistical properties of the prn sequences depend
on the values of the aj, b, and P.

Multiplicative Congruential Generators

With the choice of aj = 0, j ≥ 1, and b = 0, one has the multiplicative congruential
generator (MCG) introduced by Lehmer [8],

xi+1 ≡ λ · xi (mod P). (9.4)

Only one value of x, x0, called the seed, is needed to begin the recursion. Each value
of xi is scaled into the interval (0, 1) by dividing by P,

ξi = xi/P.

To obtain the maximum period, τ = P − 1, for the full sequence, the parameters λ

and P must be chosen to satisfy certain criteria [9]. When first introduced, P was
usually chosen to be a power of 2, especially 2β where β was the word length on
the computer used. However, in this case, the maximum period is reduced to 2β−2

and is only achieved if λ ≡ ±3(mod 8). In general, the recursion in Equation 9.4
will begin to repeat after k steps, where λk ≡ 1(modP). The maximum period will

2) For a historical antecedent of this method from the thirteenth century, see chapter 1 of [6].
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be achieved when λ and P are relatively prime (no factors in common) and λ is a
primitive root modulo P.

But in addition to a large period, we want our generator to produce sequences
of prn that are indistinguishable from truly random sequences in statistical tests.
Owing to the extensive work by Niederreiter [4], L’Ecuyer [10] and Fishman and
Moore [11], one can tailor the choice of λ (given P) to give acceptable distributions
of s-tuples of successive prn’s (i.e. vectors (xn, xn+1, . . . , xn+s−1)) in s-dimensional
space. In a famous paper, Marsaglia [12] showed that the multiplicative congruen-
tial generators then in use gave very poor distributions of s-tuples; i.e. the s-tuples lie
on a maximum of (s!P)1/k equidistant, parallel hyperplanes within the s-dimensional
hypercube (0, 1)s. He questioned the use of such generators in serious Monte Carlo
work. Following the advice cited above, recommended values for the parameters
λ and P will give reasonable statistical properties in many-dimensional spaces;
however, the limitation is the length of the period.

If the parameter b in Equation 9.4 is not set equal to 0, then we have the mixed
congruential generator

xi+1 ≡ λxi + b (mod P). (9.5)

The exact value of the increment b, provided that it is nonzero, has very little
influence on the behavior of the generator; the statistical properties are mostly
governed by the choice of λ and P.

Multiple Recursive Generators

In multiple recursive generators (MRGs), j > 0 in Equation 9.3, so they can achieve
much larger periods than MCGs. Computational efficiency is enhanced if some of
the aj are chosen to be 0 or 1. Using criteria developed by Knuth [3], if a1 = 1, the
other aj can be chosen to yield the maximum period. However, limiting the nonzero
coefficients to only two can lead to a bad distribution of s-tuples [13]. Examples
of good choices for the aj for a given value of P have been suggested [14–16]. As
mentioned previously, the MRG needs to be seeded with j + 1 initial values.

A variation of the MRG is the ‘‘multiply-with-carry’’ generator introduced by
Marsaglia and Zaman [17],

xi+1 ≡ λxi + ci (mod P). (9.6)

Here, c1 = 0, ci+1 = 0 if xi + ci < P, otherwise, ci+1 = 1. The generator was gener-
alized with more terms in [18, 19] and recommendations for specific parameters
were given. It was shown that the sequences produced by the ‘‘multiply-with-carry’’
and its generalizations are identical to those generated by an MCG.

Lagged Fibonacci Congruential Generators

These generators are a generalization of a simple Fibonacci sequence, xi+2 =
xi+1 + xi, and use the recursion,

xi ≡ xi−� + xi−m (mod P). (9.7)
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Here, the aj of Equation 9.3 are either 0 or 1. If P is prime and m > �, then the
maximum period is Pm − 1. However, if P = 2β, the maximum period that can be
achieved is reduced to (2m − 1)2β−1. Also, in the worst case, the lattice structure
of 3-tuples are constrained to two planes [20]. To avoid this problem, some of the
numbers in a sequence can be discarded to disband bad vectors [3]. For example,
� successive values from Equation 9.3 are used and then the next m values are
discarded, where m > �.

9.1.2
Tausworthe or Feedback Shift Register Generators

The linear recurrence relation in Equation 9.3 can be used to generate pseudo-
random digits in addition to numbers. Tausworthe [21] introduced a method to
produce binary digits; that is, P = 2. All the coefficients aj and the resulting bits,
bi, are either 1 or 0:

bi = a1bi−1 + · · · + ajbi−j (mod 2). (9.8)

Each bit bi is determined by the previous j bits, (bi−1, . . . , bi−j), which can assume
a maximum of 2j values. If all the j bits are 0, then all future bi will be 0 and must
be avoided . Therefore, the maximum possible period is 2j − 1.

The recursion in Equation 9.8 is associated with the primitive polynomial

f (y) = aj + aj−1y + aj−2y2 + · · · + a1yj−1 + yj. (9.9)

To determine whether the maximum period is achieved for a specific choice of the
aj, the factorization of Equation 9.9 over the Galois field of two elements must be
investigated. The aim is to identify the values of the aj (a sequence of 0s and 1s)
and j that will give statistical independence of successive terms in sequences.

For reasons of computational efficiency, most proposed Tausworthe generators
are based on primitive trinomials [22]. That is,

bi = bi−p ⊕ bi−(p−q), (9.10)

where ⊕ indicates a bitwise exclusive or (addition without carry). The underlying
primitive trinomial is

1 + yp + yp−q, p > q. (9.11)

A sequence of Q bits, generated by Equation 9.10, can be interpreted as an integer,
yi, base 2. If Q is relatively prime to 2j − 1, then the period of a sequence of Q-tuples
will also be 2j − 1. Tausworthe suggested that a prn in the interval (0, 1) be formed as

ξi =
Q∑

s=1

2−sbid+s = 0.bid+1 · · · bid+Q , (9.12)

where the parameter d is called the decimation. If the greatest common denominator
of d and 2j − 1 is 1, then the ξ have a period of 2j − 1. A summary of the theoretical
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behavior of Tausworthe generators under various statistical tests has been given
by Niederreiter [23] and Tezuka [24]. The recurrence in Equation 9.10 requires
that the previous p iterates be stored. Also, the initialization of the Tausworthe
generator must be implemented carefully. If the mth and nth bits, m, n < Q , are
identical in each of the first p integers, then they will remain identical in the whole
sequence. Tausworthe generators also suffer from a correlated lattice structure of
s-tuples in s-dimensional space [5].

Generalized Feedback Shift Register Generators

A variation of the Tausworthe generator, the generalized feedback shift register
(GFSR) generator, introduced a lag between the bits used to create the Q-bit integer,

yi = bibi−�2 · · · bi−�Q , (9.13)

where the �2, . . . , �Q represent the lags. Since each bit is still generated by Equation
9.10, the yi satisfy the recursion

yi = yi−p ⊕ yi−(p−q). (9.14)

Pseudorandom numbers are obtained from yi by

ξi = 2−Q yi.

The starting values for the recursion, Equation 9.14, need not satisfy Equation 9.13;
however, the period is then dependent on the starting values. Recommendations
for good choices of p and q are given in Fushimi [25]. GFSR generators based on
primitive pentanomials,

bi = bi−a ⊕ bi−b ⊕ bi−c ⊕ bi−d,

are discussed in [26].

Twisted Generalized Feedback Shift Register Generators

Another variation of the GFSR ‘‘twists’’ the bits in the recurrence equation,

yi = yi−p ⊕ Ayi−(p−q),

where A is a Q × Q matrix of 1s and 0s. The twisted GFSR generators can exhibit
very large periods. For example, the generator proposed in [27] has a period of
2800 and has passed many stringent tests [28]. However, Tezuka [24] revealed
important shortcomings in this generator. A more robust version [29] with a period
of 219937 − 1 has been introduced.

9.1.3
Nonlinear Recursive Generators

As was previously mentioned, most generators based on linear recursion exhibit
some type of lattice structure when s-tuples, either consecutive or with lags, are
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investigated. This is a serious problem in applications that consume prn’s s at a time
and are therefore sensitive to s-dimensional correlations. Pseudorandom number
generators that rely on a nonlinear recursion become an attractive alternative.

Recursive Inversive Generators

Let the recursion for generating pseudorandom integers be given by Eichenauer
and Lehn [30],

xi+1 ≡ axi + b (mod P), (9.15)

where x indicates the multiplicative inverse of x modulo P, 1 ≡ xx mod (P). A prn
on (0, 1) is obtained as

ξi = xi

P
.

The behavior of the generator in Equation 9.15 is governed by the choice of a �= 0,
b, P, and x0. The sequence x0, x1, . . . is a purely periodic sequence with period
τ ≤ P. If a and b are chosen such that x2 − bx − a is a primitive polynomial over
the field of order P, then τ = P. Furthermore, if P is a Mersenne prime3), and
a and b are chosen such that τ = P, the full sequence will pass all s-dimensional
lattice tests for s ≤ P − 2 [31]. However, a lack of linear correlations does not imply
that nonlinear correlations are missing. Furthermore, the cost of doing modular
inversion is O(log2 P) times the cost of doing multiplication.

9.1.4
Combination Generators

One technique that may improve the properties and period of a prng is to combine
two or more independent generators in some interesting way. Marsaglia [32]
presented a heuristic argument about the sequences produced by combined
generators that asserted they are as nearly uniform as either of the original
sequences. Additional heuristic justifications for using such generators are given
in [33]. One compelling reason is that the combined generator usually has a much
longer period than the component generators. A combined generator may employ
several generators of the same type or may use different types to create a ‘‘hybrid.’’
An example of the former that uses three MCGs was proposed by Wichmann and
Hill [34]. The three short period generators are given by xi ≡ 171 xi−1 (mod 30 269),
yi ≡ 172 yi−1 (mod 30 307), and zi ≡ 170 zi−1 (mod 30 323), with the resulting prn
given by

ξi = xi

30 269
+ yi

30 307
+ zi

30 323
(mod 1).

The period of the combined generator is ≈ 1012. Analysis of the generator has
shown that it is equivalent to a single MCG with multiplier 16 555 425 264 690 and

3) Any number that is prime and can be expressed as 2n − 1 is called a Mersenne prime.
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modulus 27 817 185 604 309 [35]. Thus, it has a well-defined lattice structure and
higher-order correlations that compare well with other large moduli MCGs [36].

MRGs may also be combined to create a generator with a larger modulus and
longer period. If each individual modulus, P�, � = 1, . . . , L, is prime and each
component generator has maximal period length, τ� = P

j
� − 1, j is the number of

terms in the recursion; the period of the combined generator is τ1 × · · · × τL/2L−1

[14]. The coefficients of the individual MRG should be chosen such that the
combined generator has a good lattice structure in higher dimensions.

9.2
Statistical Testing of prng’s

It is unlikely that any one prng will be appropriate in every application. There are
requirements, however, that all good prng’s should meet. For example, they should
have long periods and good lattice structure in the dimensions where they will be
most used. Theoretical tests usually consider the behavior of the full period of the
sequence. It is possible for a prng to pass a theoretical test, but to have unacceptable
behavior in short subsequences. Therefore, it is necessary to subject sequences of
prn’s to empirical tests. In particular, tests that mimic the behavior of the system
of interest are especially relevant. In the discussion below, some examples of the
types of statistical tests used are listed. A more thorough description is given in
References [2–4].

9.2.1
Theoretical Tests

The spectral test, introduced by Coveyou and MacPherson [37], determines the
hyperplane separation in s dimensions that is present in the full-period sequence
produced by MCGs. The test uses Fourier analysis applied to the specific generator
equations and the full sequence. The computational effort to complete the spectral
test is quadratic in the modulus of the generator and exponential in the number
of dimensions, s. The lattice structure can also be investigated by looking for the
maximum discrepancy from the expected number, N, of occurrences of s-tuples in
subregions of the unit hypercube [4]. This test can be applied to any generator, but
is very computationally intensive, O(Ns).

A recently developed test, the empirical spectral test [38], combines aspects of
theoretical tests such as the spectral test and the discrepancy measure with empirical
testing and can be applied to any sequence of prn’s or bits. The empirical probability
distribution function is generated over a grid of b intervals per dimension in an
s-dimensional hypercube. An s-dimensional discrete Fourier transform is applied
and the resulting coefficients compared with those expected from a truly random
sequence of numbers. The computational complexity is O(sb log2 b) and the test
can therefore be applied to very long period generators.
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9.2.2
Empirical Tests

Large suites of empirical tests for prng’s are currently available; see, for example,
those maintained by the National Institute of Standards and Technology [39]. A few
representative tests are briefly described below.

Equidistribution Test

The interval (0, 1) is divided into k subintervals. The number Nj of values falling
into each subinterval is determined for a sequence of prn’s, x1, . . . , xN . Then a
chi-square test is performed where the expected number in each subinterval is N

k .
The chi-squared value is then

χ2 = k

N

k∑
j=1

(
Nj − N

k

)2

. (9.16)

Serial Test

In this test, we check the interdependence between successive prn’s in a sequence.
We consider sets of points

xn = xn, xn+1, . . . , xn+s−1

in s-dimensional space, where s ≥ 2. The space is divided into rs partitions, and
the frequency with which s-tuples fall into each partition is measured for a
large sequence of prn’s. Truly random numbers are uniformly distributed in the
s-dimensional space, so we may compute a χ2 value for our prn generator as

χ2 = rs

N

r∑ (
Nj1, ..., js − N

rs

)2

, (9.17)

where Nj1,... , js is the number of s-tuples occuring in partition (j1, . . . , js), ji = 1, . . . , r
and i = 1, . . . , s. χ2 should behave asymptotically as a χ2 distribution with rs − 1
degrees of freedom.

Runs-up and Runs-down Test

Here we compare the magnitude of a prn with the preceding one. If xn−1 > xn <

xn+1 < xn+2 > xn+3, then we say we have a run-up of length 3. In a sequence of
prn’s, we count the number of run-ups of length 1, length 2, . . .. For truly random
numbers, where each of the xi is independent of the others and all permutations
are equally likely, we expect the number of occurrences of run-ups (or run-downs)
of length r to be given by the formula

Rr = (N + 1)(r2 + r − 1) − (r + 2)(r2 − r − 1)

(r + 2)!
. (9.18)

N is the total number of samples in the prn sequence. Since adjacent runs are
not independent, we cannot apply a χ2 test directly but must compute a different
statistic [3],
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V = 1

N

∑
1<i,j<t

(Count(i) − Ri)(Count(j) − Rj)aij. (9.19)

Count(i) is the actual observed number of run-ups (or run-downs) of length i, and
the aij are the elements of the inverse of the covariance matrix. Once V is computed,
it can be compared with a χ2 distribution of degree t.

The run test is an important one. Congruential generators with multipli-
ers that are too small tend to have runs either much longer or shorter than
expected.

9.3
Comparing Two Pseudorandom Number Generators

To illustrate the type of behavior observed when tests are applied to specific prng’s,
two mixed congruential generators with relatively short periods are subjected to
the tests described in Section 9.2.2.

9.3.1
A Multiplicative Congruential Generator Proposed for 32-bit Computers

The first mixed congruential generator considered here was recommended for use
on a 32-bit machine as one whose multiplier satisfied spectral tests for pairs of
points [40]. However, since the modulus is not prime, the period will be at most
230, which is quite short. We have

λ = 1 and 812 and 433 and 253,

P = 232, and (9.20)

b = odd.

For the equidistribution test, Equation 9.20, sequences of 10 000 prn’s were placed
in 100 bins equispaced on (0, 1). The expected number in each bin is 100, and a
χ2 value was computed. The whole test was repeated 1000 times to generate 1000
values of χ2, since a single unacceptable χ2 value is always possible. If the sequence
being treated is uniform, then χ2

1, χ2
2, . . . , χ2

1000 should behave like a random sam-
ple from a χ2(99) distribution, and this can be tested by again applying a chi-square
test [3]. We sort the values of χ2

i , i = 1, . . . , 1000 into 100 equally probable in-
tervals (0, χ2(99, 0.01)), (χ2(99, 0.01), χ2(99, 0.02)), . . ., (χ2(99, 0.98), χ2(99, 0.99)),
(χ2(99, 0.99), χ2(99, 1.0)), where the expected number Bi in each interval is 10.
Figure 9.1 contains the distribution of χ2 values obtained. The overall χ-squared
value is then

χ2
T =

100∑
j=1

(Bj − 10.)2

10.
= 82.2 (9.21)
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χ2

Figure 9.1 The frequency function of observed values of
χ2 after 1000 samples. The bins are equally probable in-
tervals where the expected number of χ2 in each bin is 10.
The pseudorandom number generator was Equation 9.20.

for the random number generator in Equation 9.20. In this case, the smaller
the value of χ2

T , the better the generator. The value of 82.2 is an acceptable
value.

The serial test (Section 9.2.2) was performed for s = 2; that is, interdependence
between pairs of prn’s was studied. Sets of 10 000 pairs of prn’s were produced and
partitioned into a 10 × 10 array. A typical distribution of the pairs of prn’s is shown
in Table 9.1 with its associated χ2 value. Since we have 100 partitions, the expected
number of pairs in each partition is 100. As in the equidistribution test above, the
whole test was repeated 1000 times to generate 1000 χ2 values and an overall χ2

T
value was calculated. In this case, χ2

T = 104, which is again a reasonable value for
a sample from a χ2(99) distribution.

The prng in Equation 9.20 was also exercised by a runs-up test. A record of runs
of length 1–5, 6, and greater was produced, and the statistic V in Equation 9.19
was determined. Table 9.2 shows the observed number of runs of length r and the
expected number from Equation 9.18. The value of V , 3.48, is to be compared with
a χ2(6) distribution and is an acceptable value.

Lastly, the mixed congruential generator in Equation 9.20 was used to produce
pairs of Gaussian random numbers by the Box–Muller algorithm. Owing to
the use of two sequential uniform random numbers and the periodicity of the
trigonometric functions, the Box–Muller algorithm is very sensitive to correlations
between pairs of prn’s. In Figure 9.2, 5000 pairs of points produced by Equation 3.38
are plotted. The behavior appears likely for a Gaussian distribution centered at zero,
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Table 9.1 Partitioning of 10 000 pairs of pseudorandom numbers generated
by Equation 9.20 into a 10 × 10 array.

78 83 89 106 98 105 89 84 118 106
98 100 118 83 93 112 l00 102 94 112
97 76 95 94 101 77 105 103 96 110

106 102 123 102 110 88 112 106 111 84
91 98 96 98 107 114 101 112 108 91
83 93 103 97 91 96 98 89 118 98
89 104 101 116 111 104 105 108 101 95
92 107 95 96 90 106 110 101 106 90

106 100 100 85 102 85 104 112 93 97
91 118 109 114 96 88 119 112 110 84

χ2 = 105.2

Table 9.2 Observed number of runs of length r compared with the
expected number after 10 000 samples for pseudorandom number
generator 9.20.

Length of run Observed Expecteda

1 1661 1667
2 2068 2083
3 889 916
4 289 263
5 60 58
6 and over 13 12

V = 3.48

aCalculated using Equation 9.18.

though no values outside the bounds (−4.0,4.0) were sampled. This is reasonable
since ±√−2 log(v) are the largest and smallest values that can be produced by the
Box–Muller algorithm, where v is the smallest floating-point number that can be
produced by the prng.

From the few tests applied to the prng in Equation 9.20, it appears that in
calculations where one or a pair of prn’s are needed at a time, Equation 9.20 is an
adequate source.

9.3.2
A Bad Random Number Generator

Now that an example of a reasonable prng with a short period has been analyzed,
the behavior of a bad one will be contrasted with it. The second mixed congruential
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Figure 9.2 Plotting the two Gaussian random variables
produced by the Box–Muller algorithm using Equation 9.20
against each other.

generator [3] has the following constants:

λ = 218 + 1, x0 = 314159265, (9.22)

P = 235, b = 1,

where x0 is the initial seed. It has an apparently longer period than that of the
generator in Equation 9.20. However, the multiplier has not been chosen to satisfy
any theoretical criteria.

As in the development given above, Equation 9.22 was subjected to the equidistri-
bution test repeated 1000 times with different sequences and χ2

T was determined.
Figure 9.3 shows the distribution of the values of χ2, which is seen to be skewed
toward higher values. This is reflected in the value for χ2

T , which is 1022.0, an
unacceptably high value.

The poor behavior of generator 9.22 with the equidistribution test becomes worse
in the serial test. Again, pairs of prn’s were partitioned into a 10 × 10 array. A
typical example of a partitioning of 10 000 pairs is shown in Table 9.3, where the
pairs of prn’s are clearly not uniformly distributed. The value for χ2

T associated
with 1000 repetitions of the test was 99 999.

The generator 9.22 fares no better with the runs test. As shown in Table 9.4,
the distribution of run-ups of length r does not resemble the expected distribution
given by 9.18.



9.4 Comparing Two Pseudorandom Number Generators 191

χ2

Figure 9.3 The frequency function of observed values of χ2

after 1000 samples using prn generator Equation 9.22. The
expected number of χ2 in each bin is 10. The value of the
bin indicated by ∗ is off scale.

Table 9.3 Partitioning of 10 000 pairs of pseudorandom numbers generated
by Equation 9.22 into a 10 × 10 array.

332 0 0 0 0 0 0 0 99 577
575 311 0 0 0 0 0 0 0 99

99 557 304 0 0 0 0 0 0 0
0 131 574 308 0 0 0 0 0 0
0 0 106 580 314 0 0 0 0 0
0 0 0 105 609 314 0 0 0 0
0 0 0 0 100 589 315 0 0 0
0 0 0 0 0 91 585 321 0 0
0 0 0 0 0 0 112 579 319 0
0 0 0 0 0 0 0 108 573 314

χ2 = 34 686

Finally, 5000 pairs of Gaussian variables were sampled using the Box–Muller
algorithm and plotted in Figure 9.4. A startling amount of correlation is appar-
ent. Also, the sampled values are skewed in their distribution and not sampled
symmetrically about zero.

The results of the three tests and the output from using the prng in the
Box–Muller algorithm shown here would encourage us not to use generator 9.22
in our Monte Carlo calculations.
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Table 9.4 Observed number of runs of length r compared with the
expected number after 10 000 samples for pseudorandom number
generator 9.22.

Length of run Observed Expecteda

1 7664 1667
2 1168 2083
3 0 916
4 0 263
5 0 58
6 and over 0 12

V = 28370

aCalculated using Equation 9.18.

Figure 9.4 Plotting the two Gaussian random variables
produced by the Box–Muller algorithm using Equation 9.22
against each other.

9.4
Pseudorandom Number Generation on Parallel Computers

Computations on parallel processors, distributed networks, and clusters of com-
puters pose new and distinctive problems for prng’s. Currently, large simulations
can consume billions of prn’s in the course of a single calculation and thus need
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very long pseudorandom sequences. When multiple realizations of a calculation
are performed, it is necessary to have readily available multiple, independent se-
quences. Since large-scale networks may have tens of thousands of processors, it
is a challenge to provide enough pseudorandom sequences that predictably reduce
the variance by the number of distinct realizations of the calculation. Furthermore,
it remains highly desirable that individual runs be reproducible. The difficulty
is that on multiple-instruction-stream–multiple-datastream (MIMD) machines, or
on distributed networks or clusters, the order in which operations are done and the
identity of the processor that carries out a specific task are not necessarily the same
when a calculation is repeated. Neither a centralized prng nor even a separate one
for each physical processor will guarantee reproducibility.

9.4.1
Splitting and Leapfrogging

The first of the problems cited above can be solved by the use of sequences with
very long periods such as a ‘‘twisted’’ GFSR generator or a combination generator.
In the technique referred to as splitting, if n parallel Monte Carlo realizations
are being carried out simultaneously and one assigns each realization in advance
to use a separate but equal portion of the original sequence, then the length of
the subsequence for each is τ/n, where τ is the period of the full sequence. This
procedure requires a long-period generator and testing that there are no correlations
between the subsequences that would adversely affect the Monte Carlo calculation.
It has also been proposed that the starting seeds for parallel subsequences from
a single prng be chosen randomly. This approach was analyzed for congruential
generators by Zhong and Kalos [41]. It was proved that the probability for no
overlap between the randomly chosen parallel subsequences was

P{no overlap} = 1 − n
(m

τ

)n−1
,

where n is the number of parallel subsequences and m is the number of prn’s in
each subsequence. The probability becomes 0 very quickly even for modest values
of n and m.

In another approach, called leapfrogging, a new sequence is created from the
original one by skipping numbers in a predetermined pattern, e.g. xr , xr+k, xr+2k, . . ..
The next sequence could begin at xr+1, with the same value for k. If the skipping
distance is relatively prime with respect to the period, the new sequence will have
the same period as the original. The correlation between the sequences (xi, . . .) and
(xi+k, . . .) for MCGs has been investigated [42]. If xi+k = (n1/n2)xi, where n1 and
n2 are relatively prime, then the correlation is given asymptotically by 1/(n1n2).

9.4.2
Parallel Sequences from Combination Generators

Combination generators offer another method of providing parallel sequences of
prn’s. One proposal [43] was a hybrid combination generator that used an MCG
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with a lagged Fibonacci generator. To provide k sequences in total, the jth sequence,
j = 1, . . . , k, is given by

xj,i = akxj,i−1 (mod P),

vj,i = xj,i

P
,

yj,i = f (yj,i−1, . . .), and

ξj,i = (vj,i − yj,i) (mod P),

where the initial seed for each sequence is ajx0. The sequences do not overlap, but
exhibit the lattice structure of congruential generators.

Another approach [44] developed a method of generating independent sequences
of prn’s based on a generalization of the Wichmann–Hill combination generator
[34]. A single generator with d terms is defined as

ξi =
∑d

�=1(a�)i(P̂/P�)x�,0 (mod P̂)

P̂
, (9.23)

where P̂ = ∏
P�, � = 1, . . . , d, all the d moduli are coprime, and the a� are selected

to give a full period. To produce k parallel sequences based on Equation 9.23, let
j = 1, . . . , k,

ξj,i = Aj,i (mod P̂j)

P̂j

,

with

P̂j =
d∏

�=1

P�,j and

Aj,i =
d∑

�=1

(a�,j)i P̂j

P�,j
x�,j,0,

where the (x1,j,0, . . . , xd,j,0) are the seeds for the jth sequence. With the requirement
that all the moduli must be coprime, it is straightforward to make available
several thousand parallel sequences with periods of at least 280. The statistical
independence of the sequences was tested by a parallel spectral test [44] and shown
to be on the order of 1/P̂j.

9.4.3
Reproducibility and Lehmer Trees

Reproducibility of Monte Carlo runs is, in principle, easy to ensure. It is simply
necessary that each initialization of a parallel task such as a new random walk or
the ‘‘spawning’’ of a daughter walker (as in a branching or multiplying system) be
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given an independent prn sequence. Zhong and Kalos [41] and Fredrickson et al.
[45] introduced the concept of a pseudorandom tree, in which one generator is used
for ‘‘intraprocess’’ random numbers, and a separate one for initialization. This
was called a Lehmer tree. Fredrickson et al. [45] proved a necessary condition for
nonoverlapping of the resulting sequences when mixed congruential generators
were used. The Lehmer tree algorithm was generalized by Percus and Kalos [46]
such that each sequence differed from the others by use of a different additive
constant in Equation 9.5,

xL,j = aLxL,j−1 + bL (mod P), (9.24a)

xj,i = aRxj,i−1 + bj (mod P). (9.24b)

The generator in Equation 9.24a is used solely to provide seeds for the jth sequence
given by Equation 9.24b, where j = 1, . . . , k. The differing values of bj guarantee that
each sequence is reordered and no overlapping sequences occur. In addition, Percus
and Kalos developed a spectral test for k parallel mixed congruential generators to
measure the uniformity of points in k-dimensional space. Recommendations were
given for choosing the bj’s, j = 1, . . . , k such that all

(k
2

)
pairs of a k-component

random vector satisfy the spectral test.

9.4.4
SPRNG: A Library of Pseudorandom Number Generators

The concept of giving each parallel task its own generator while minimizing the
correlations between the parallel sequences has lead to the development of the
SPRNG software library [47]. The library incorporates the ideas of previous re-
searchers though the use of an indexed binary tree of prng’s. The types of prng’s
included in the library are parameterized families of MCGs, lagged Fibonacci
generators, and combined MRGs. Reproducibility of a parallel calculation is guar-
anteed by the indices of the binary tree and the seed values of the generators. The
software library may be used on both parallel computers and distributed networks.

9.5
Summary

In choosing the source of prn’s for their simulation, researchers should be aware of
both the strengths and the weaknesses of the selected generator. The prng should
show uniformity in the number of dimensions important to the simulation, it
should not exhibit correlations that will adversely affect the calculation, it should
have a long enough period that only a small subset of the period will be consumed
in any single realization, and it should be fast enough that the generation of
uniform pseudorandom variables does not dominate the computational time. It is
unlikely that any one prng will satisfy the criteria for every calculation. The best
approach is to have a suite of different types of prng’s available for use in both
testing and production calculations.
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